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Being seismically active, the Bosporus area is always under the possibility of tremors. The earthquake 
with a magnitude of more than 5, which caused a tsunami wave, has already been observed in this 
region. Therefore, there is a need to study the amplitude characteristics of the waves as they propagate 
in the strait. Channel model of surface long waves is used to describe propagation of single linear 
waves in the channel of variable cross-section simulating the Bosporus. Numerical analysis is done 
both for the maximum height and wave velocity of the waves propagating from the Sea of Marmara 
to the Black Sea and vice versa, and for the case of evolution of the initial fluid displacement at its 
various location in the strait. Growth of a wave height and velocity is correlated with decrease of the 
strait width and its cross-sections’ areas. When the waves propagate from the Black Sea to the 
Marmara their intensification is more significant than that at their movement in the opposite direction. 
Wave speed can be comparable or even exceed the value of the velocity of the background flow in the 
Bosporus. In the case when the waves propagate from the tsunami generation zone in the strait middle 
part, the highest rises of the fluid free surface do not exceed the absolute value of the sea surface 
initial displacement.  
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Introduction. Strait is a water body between the two land masses that 

connects the adjacent water bodies or their parts and is used for navigation. As a 
rule, the Straits and the adjacent basins are areas of intense currents and wave 
processes, suggesting the need for a comprehensive study of the water dynamics in 
such regions of the ocean where navigation is associated with considerable risk. 

Zone of the Bosporus Strait is a place of collision of two continental plates. It 
is seismically active and there is always the possibility of tremors. That is why the 
danger of a tsunami here should not be ignored. Such waves can be caused by the 
earthquakes occurring both underwater and overland. Article [1] shows a map of 
historical earthquakes in the Black Sea region and its surroundings which occurred 
before 1900. It also shows magnitude 5 and more earthquakes to observe in the 
Bosporus area. 

So, the tsunami accompanied by a wave height of 2 – 3 m [2] was observed in 
the Bosporus in 557. 

Due to the compact planning of the coast, ongoing business activities and the 
existence of the seaside recreation areas a 0.5 meters high tsunami can have 
disastrous consequences. Therefore, the need for a detailed research of the possible 
maximum height of these waves increases. 
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In this article we consider the propagation of surface long waves in the channel 
simulating the Bosporus. Changes in the propagation characteristics of the waves 
from the Black Sea to the Marmara and vice versa is analyzed. To describe the 
evolution of linear long waves in the strait channel theory is applied. In this theory 
as the main variables averaged across the free surface channel mirror displacement 
and the mean horizontal velocity of current in the strait cross section are used [3, 
4]. 

Channel theory of long waves found its application in the tidal theory [5, 6], 
the description of the propagation of a tsunami-type waves in the variable section 
channels [7], tidal waters in the estuaries [8], surface [9] and internal (two-layer 
fluid) [10] seiches, etc. Doubtless advantage of channel theory of waves is the 
replacement of the two-dimensional problem by the one-dimensional one.  

 
Mathematical formulation of the problem. In Ox1y1 horizontal plane (x1, y1 – 

Cartesian coordinates of the point in the plane) the curved channel (Fig. 1) is 
considered having cross-section S = S(x) and mirror width b = b(x) constantly 
varying along the channel axis in accordance with the accepted laws, where x – a 
curvilinear coordinate along the middle line of the channel. Through H = H (x) we 
denote the maximum depth of the channel in its cross-section at the x point. 

In the linear approximation, we consider two versions of the problem of the 
wave propagation in a strait: problem I – single wave propagation along the strait 
from the x = 0 (the Sea of Marmara) point and leaving it at the opposite end, 
designated as the x = of L (the Black Sea) point; problem II – propagation of a 
single wave entering the strait in the x = of L (the Black Sea) point and leaving it at 
the other end at the x = 0 (the Sea of Marmara) point; task III – evolution of a 
single initial fluid free surface displacement in the central part of the strait. 

To describe the propagation of surface waves we apply the channel theory of 
long waves [3, 4]. It is a one-dimensional approximation of the model of long 
waves and operates the averaged over the cross section of the channel horizontal 
velocity u = u (x, t) (t – time) and averaged across the cross-section of the strait 
mirror along the coordinate y by the fluid free surface displacement ζ = ζ (x, t). 

Under this approach, the linear motion of the fluid in the channel is described 
by the following system of two equations 
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where g is free fall acceleration. Excluding the longitudinal velocity u of the 
system (1) leads to a one-dimensional wave equation with coefficients dependent 
from the x: 
 

02

2

=







∂
∂

∂
∂

−
∂
∂

x
S

xb
g

t
ζζ .                                          (2) 

The value 

)(
)()(

xb
xgSxC =  

It acts as a local long-wave propagation velocity in the with variable cross-section 
channel.  
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The initial conditions for the system of equations (1) require the specification 
of fields u and ζ at the initial time t = 0. We assume that at t = 0, the fluid in the 
channel for the problems I and II is located in a perturbed state, i.e. 

 

0)0,()0,( == xxu ζ ,                                             (3) 
 

And for the problem III it is unperturbed but stationary, i.e.  
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Fig. 1. The Bosporus with an indication of the positions of 54 cross-sections and the depth 
distributions (on the sidebar) in sections 2, 25, 35 and 42 
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The aforementioned problems I, II and III have different specification of the 
boundary conditions on the straight ends, namely the problem I simulate a single-
wave entrance into the strait through the left boundary, if you specify:   
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where 0a  is the maximum initial fluid free surface displacement; 
1
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t
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= C(0); C1 = C(L); ,/ 01 CT λ=  λ is initial width of wave.   
In the problem II the boundary conditions simulate the entrance of a single 

wave in the strait through the right border, provided:    
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In the problem III the free surface form at the initial time is specified as a 
single individual character displacement entirely located in the strait, and the 
conditions at the strait ends simulate a free exit of the waves:     
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Initial fluid displacement field parameters must satisfy the condition 
2/2/ 0 λλ −≤≤ Lx  that ensures the location of primary fluid perturbations in the 

strait zone. 
All three of the initial-boundary value problems, namely the problem I, 

including the system of equations (1) and the boundary conditions (5) – (7), the 
problem II, which includes the equations (1) and the boundary conditions (8) – 
(10), and the problem III, including a system of equations (1), the initial conditions 
(4), (11) and the boundary conditions (12), (13) were solved numerically by finite 
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difference method for explicit-implicit scheme at the half-step shifted along the x 
coordinate relatively to each other uniform grids for the fields u and ζ [11]. 

Length of the strait, connecting the Black and Marmara seas, L = 31.5 km, its 
maximum width – 3600 m (in the north), the smallest width – 790 m, the depth of 
the channel – from 33 to 80 m. In the Bosporus there is a two-layer current, 
consisting of a  sweetened water flow in the upper layer from the Black Sea to the 
Marmara, moving southward at the velocity of 1.5 – 2 m∙s–1, and the salt-water 
lower current from the Marmara to the Black sea, having the velocity of 0.9 – 
1 m∙s–1. Salt-water current continues in the Black Sea as underflow. 

54 cross-sections along the x-axis are used to specify the geometry of the 
strait. Depth distributions in some of them are shown in the sidebars in Fig. 1. In 
accordance with the shape of the cross-sections the local mirror width of the Strait 
mirrors b(x). Cross-sectional areas S(x), included in the system of long-wave 
equations (1), were calculated by the method of trapezoids. To determine the strait 
parameters at the intermediate points, linear interpolation was carried out. 

Fig. 2 shows obtained by the aforementioned method the piecewise-line 
distributions of the strait maximum depth H(x) (Fig. 2, a), the half-width strait 
mirror b(x)/2 (Fig. 2, b) and the cross-sectional area S(x) (Fig. 2, c). The entrance to 
the Bosporus from the Marmara Sea corresponds to the point x = 0, the exit from 
the strait to the Black Sea – to the point x = L. The changes of geometric 
parameters along the strait are heterogeneous and are characterized by areas of 
increase and decrease.  

 

 
 

Fig. 2. Distributions along the Bosporus axis of the maximum depth (а), mirror half-width (b) and 
cross-section areas (c) 
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In the finite-difference algorithm numerical implementation the uniform grid 

with 5,000 – 10,000 steps along the x coordinate and with a time step t up to 0.1 s 
is applied. 

Distribution of a single wave from the Marmara to the Black Sea and vice 
versa. A single wave that entered the strait from the Sea of Marmara, is distributed 
with C(x) local variable velocity, changing its height (Fig. 3).  

 
Fig. 3. The change along the strait axis of the maximum possible heights of waves propagating from 
the Marmara to the Black Sea (a) and from the Black Sea to the Marmara (b) at various initial 
wavelengths: 1 – calculation according to the approximate formula below (18); 2 – λ  = 0.5 km; 
3 –λ  = 1 km; 4 –λ  = 2 km; 5 –λ  = 5 km; 6 –λ  = 10 km (initial wave height is 1 m) 
 

For all the t > 0 numerically obtained distributions along the strait of the 
maximum possible heights of the surface waves are shown in Fig. 3, a for the five 
values of the initial wave length entering the strait. Note that the original 
wavelength is defined as the width of the initial fluid displacement at the height of 
1/3a0. As follows from this Figure, the distribution of wave heights depends on the 
initial wavelength, i.e. in fact the relationship between the wavelength λ and the 
characteristic scale of changes in the geometric parameters in the strait. The trend 
of increase of the overall maximum heights of waves in the strait with the 
decreasing of length. In the separate parts there is 1.3 times increase in wave 
height. As a rule, local intensification of long waves is associated with a local 
decrease of the strait width and its cross-sectional area. 

A similar relationship of wave heights and the local geometry of the cross-
sections is manifested in the channels for the time-harmonic waves [12]. The 
longer the wave is, the less significant is the influence of the strait shape changes 
on it, although in general for all five wavelength values the change of wave heights 
along the x coordinate is qualitatively the same. 
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We also consider the change in the maximum height of a long wave 
propagating in the strait from the Black Sea to the Marmara. For five wavelength 
values at the entrance to the strait (the Black Sea) the distributions of the maximum 
wave heights along the strait are shown in Fig. 3, b. They depend on the length of 
the wave entering it. As in the previous case, an increase in the maximum possible 
wave heights with decreasing length is observed. In some parts of the strait there is 
1.5 times increase in the height. 

It is interesting to consider the propagation of sufficiently short compared to 
the heterogeneities of the strait cross sections of surface waves (but the long ones 
in terms of the theory of long wave processes). This approach in respect to the 
variable rectangular-section channels is described, for example, in [13]. 

For a rectangular-section channel )()()( xHxbxS = the equation (2) is as 
follows 
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To convert the equation (14) to the differential equation with constant 
coefficients we perform the change of the desired function by the following 
formula  

ζ(x,t) = A(x)Φ[t,θ(x)],                                               (15)   

where А(x), Φ[t,θ], θ(x) are unknown functions. Substituting the relationship (15) 
into equation (14) we obtain the following  
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This equation comes to the wave equation with constant coefficients in the 
performance of the three differential relations [13]:  
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Having integrated the equation (16) in accordance to x, taking into account the 
one-dimensional eikonal equation (17), we obtain the conservation law (Green's 
law [3, 5]): 
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For the rectangular-section channel and the waves propagating from the Marmara 
to the Black Sea, this law can be written as follows 
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A similar relationship holds for the waves propagating from the Black Sea to the 
Marmara. Knowing the law of wave height variation (18), it is possible by means 
of the first of the equations of long waves (1) to find an approximate expression for 
the amplitude of the wave velocity in the case of waves (15) in a channel with 
slowly varying cross-sectional geometry: 
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In Fig. 3 the calculated curves 2 – 6 are supplemented by the relationships (18) 
for the maximum heights of long waves propagating from the Marmara to the 
Black Sea and vice versa. Distributions of the heights of waves Amax along the strait 
in case of relatively short wavelengths (0.5 and 1 km) differ a little from those 
calculated under the analytical formula (18), regardless of the wave propagation 
direction. At longer wavelengths, this difference becomes more significant. Note 
that the difference in wave heights distributions increases with the distance traveled 
by the waves from the entry point into the strait. Heights of longer surface waves 
are less sensitive to changes in the geometric parameters of the strait. In general, 
the greatest heights of the waves occur in the parts of the strait with the smallest 
width and cross-sectional area. 

 
Fig. 4. Change along the strait axis of the maximum Umax and the minimum Umin possible horizontal 
velocities in the waves propagating from the Marmara to the Black Sea (a) and from the Black Sea to 
the Marmara (b) for different lengths of the entering wave: 1 – calculation under the approximate 
formula (19); 2 –λ  = 0.5 km; 3 –λ  = 1 km; 4 –λ  = 2 km; 5 – λ = 5 km; 6 –λ  = 10 km (initial 
wave height is 1 m) 
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Also, numerical calculations of changes along the strait of the maximum and 
minimum horizontal velocity cross-sections averages are carried out. In the 
propagation of waves from the Marmara to the Black Sea the positive direction 
wave current prevails (Fig. 4, a). If a wave enters the channel from the Black Sea, 
the wave velocity sign is reversed (Fig. 4, b). For relatively short wavelengths 
(0.5 – 1 km) velocity distribution along the strait is described by the approximate 
formula (19), which allows estimating the maximum wave velocity for the waves 
propagating from the Marmara to the Black Sea, and the minimum wave velocity 
for the waves propagating from the Black Sea to Marmara. 

We should note that the wave velocities according to their magnitude such that 
they can significantly increase or decrease the main current velocity. This effect 
increases with increasing of the height of the wave entering the Strait, and can lead 
to fundamental changes in the direction of background current. 

It is interesting to analyze the possible intensification of the wave as a result of 
its coming through the strait from one sea basin to another. Fig. 5 shows the wave 
height relations obtained numerically at the exit from the strait to the Marmara 
(Amax(0)) or the Black Sea (Amax(L)) for wavelengths in the range of 1 – 20 km. 
When the waves are coming from the Black Sea to the Marmara there is a marked 
intensification of the waves than in the case of their propagation in the opposite 
direction. Nevertheless, the numerical calculations showed no significant gain or 
attenuation of surface waves after passing through the Bosporus Strait in any 
direction. 

 
 

Fig. 5. Relationship of maximum wave heights on the extreme points of the strait from the length λ  
of the wave entering the strait under its propagation from the Marmara to the Black Sea (1) and from 
the Black Sea to the Marmara (2) (initial wave height is 1 m) 

 
The evolution of the local fluid free surface perturbations in the central 

part of the Bosporus Strait. We are to consider the evolution of the initial 
displacement of the fluid surface in the strait. This process is described in the 
problem III, including the equations (1) with the initial (4), (11) and boundary (12), 
(13) conditions. In the process of evolution the two waves are formed, extending in 
opposite directions from the area of the initial fluid perturbation. Due to changes in 
the geometric parameters of the strait there is a transformation of these waves, 
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which depends on the width of the initial fluid perturbations and position of the 
generation zone in the strait. When waves reach the strait open borders, their free 
access to the Marmara and the Black Sea in accordance with the conditions (12) 
and (13) is observed. 

Fig. 6 shows the distributions along the channel of the maximum possible rise 
of the free surface (6, a), the maximum (6, b) and minimum (6, c) of horizontal 
velocity of the wave current in the Bosporus. The height of the initial rise of the 
level was specified equal to 1 m, the width of the perturbation zone – λ = 5; 10; 15; 
20 km. Computational experiments were carried out for a number of positions of 
the initial perturbation of fluid zones along the Bosporus. They showed that the 
during the displacement of the generation zone from the central part of the strait in 
the direction of the Black Sea the intensification of the waves entering in the Sea of 
Marmara was observed. On the contrary, during the displacement of the generation 
zone in the opposite direction the weakening of the waves at the Black Sea strait 
border took place. 

 

 
 

Fig. 6. Distribution along the strait axis of the maximum possible wave heights (a), the maximum (b) 
and minimum (c) horizontal wave velocities in the evolution of single fluid surface rise having the 
width of 5, 10, 15 and 20 km (curves 1 – 4, respectively) with center in x0 = 10 km (initial wave 
height is 1 m) 
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The maximum possible height of the tsunami waves are observed in the 
primary fluid perturbation area and tend to decrease moving away from the wave 
generating zone. Wave heights do not exceed the initial free surface of fluid 
displacement a0. The smaller the width of the initial perturbation of the fluid in 
comparison with the spatial heterogeneity of the strait, the more the characteristics 
of waves react to changes in channel geometry. Due to the longitudinal 
heterogeneity of the strait the wave heights on the right and left of the generation 
zone are substantially determined by the geometry of the strait. 

The wave velocity is alternating for the waves propagating in the opposite 
directions from the generation zone (Fig. 6, b, c). Under the initial liquid surface rise of 
1 m, for the cases shown in Fig. 6, the wave velocity varies in the range [–0.323 m∙s–1, 
0.304 m∙s–1]. 

 
Conclusion. The Sea of Marmara and the Black Sea are sea basins, where 

tsunami waves have been observed and are potentially possible [14, 15]. Although 
tsunami wave is not so frequent phenomenon in these seas, it is of high interest to 
evaluate its parameters in the strait during the propagation from the Marmara to the 
Black Sea and vice versa, as well as to evaluate the initial fluid surface 
displacement in the central part of the strait. These issues are considered within the 
framework of channel theory of long surface waves using numerical simulation 
techniques. 

In the case of wave propagation from one sea basin to another, the 
distributions of the maximum possible wave heights in the strait are qualitatively 
similar and determined by its geometry changes. In the propagation of the single 
wave from the Marmara to the Black Sea its height 1.3 times increases, and during 
the passage of the wave from the Black Sea to the Marmara its height is 1.5 times 
greater than the initial value a0. Increasing the wavelength in the strait, its 
maximum height decreases.   

As for the horizontal wave current velocity, then the wave propagation of 
Marmara to the Black Sea (and from the Black Sea and Marmara), the maximum 
wave velocity can reach 0.79 m∙s–1 (0.29 m∙s–1), the minimum is 0.18 m∙s–1 
(0.75 m∙s–1) at the initial wave height а0 = 1 m. That is, the wave velocity can be 
comparable or even exceed the velocity value of the background current in the 
strait. 

In case of the propagation of tsunami-type waves caused by the initial fluid 
surface displacement, the characteristics of waves traveling in the Black Sea or the 
Marmara are different because of the asymmetry of longitudinal changes in the 
geometric parameters of the strait. The more intense the wave and the 
accompanying wave velocities are observed in the direction of the Sea of Marmara. 

In general, the computational experiments did not reveal a significant increase 
in long surface waves for the Bosporus conditions. Typically, the height of waves 
in the strait does not exceed the initial free fluid surface of displacement a0. 
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