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Purpose. The aim of the present paper is to solve the problem of choosing the localities in 
the Sevastopol Bay for optimal placing the pollution sources using the adjoint equations of 
the admixture transfer. 
Methods and Results. The embankments in the city center, the Artilleriyskaya Bay and the city beach 
zone are chosen as the nature protection areas. Solution of the adjoint equation of the passive 
admixture transport yields the influence function that permits to reveal the areas on the coast, where, 
in case the pollution sources are placed there, the sanitary standards will be violated, and, at the 
existing structure of currents, these nature protection zones will suffer significant damage. To make 
sure that the adjoint equation is solved correctly, the direct problem can be solved for various 
locations of the impurity sources. Solution of the adjoint equation makes it possible to obtain 
information on the impurity amount in the preset nature protection zones during the preset time period 
at an arbitrary location of the impurity source. The currents velocities are calculated by the linear 
three-dimensional barotropic model for the steady wind currents.  
Conclusions. The numerical modeling results revealed the regions, where placing of the pollution 
sources would violate sanitary standards in the nature protection zones under study. The experiments 
showed that the north and east winds were the most dangerous. Hence industrial facilities, storm and 
sewage discharges having been placed at the Northern side of the Sevastopol Bay, can be extremely 
harmful for the ecological state of the regions under consideration. At the east and southeast winds, 
the industrial activity products in the Yuzhnaya Bay constitute a basic source of contamination. 
At the south winds, the most dangerous situation occurs in case the pollution sources are placed at 
the coast of the recreational zone of the city. 
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Introduction 
The reconstruction of the industrial potential of Sevastopol in recent years has 

caused an increase in anthropogenic impact on the coastal zone of the region. 
Industrial development of the shelf is at a fast pace, economic complexes are 
developing in the coastal waters, the recreational and bio-production potentials are 
being intensively used, and the seafood production is being intensively developing. 
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Due to the recreational development of Sevastopol, the presence of nature 
conservation facilities such as dolphinariums and mariculture development zones, 
there is a need to increase the requirements for compliance with sanitary standards 
in the region. Therefore, special attention is paid to the study of the ecological state 
of the Sevastopol Bay [1–7]. 

During the construction of industrial facilities in the coastal zone, the task of 
their rational allocation to minimize possible damage from their activities appears. 
To solve this problem Academician Guriy I. Marchuk proposed a method in which 
the adjoint equations of contamination transport and diffusion are used (the adjoint 
problem) [8]. This method is often used in oceanology [9–13]. In a whole series of 
studies, the contamination transport in the Azov Sea is studied using adjoint 
equations [14–16]. 

The present paper is aimed to solve the problem of choosing the optimal 
location of pollution sources in the Sevastopol Bay using the adjoint equations of 
contamination transport. As a result of solving the adjoint problem, the information 
on the contamination amount in a given nature protection zone in a certain time 
period with an arbitrary location of the contamination source is obtained. A linear 
barotropic model of steady wind currents is used to calculate current velocities. 
Based on the results of numerical modeling, the regions where the location of 
contamination sources will lead to a violation of sanitary standards in 
the considered conservation zone are identified. 

 
Methods and Results 

Direct problem. The contamination transport equation, according to [17], 
is written as follows: 

 

( ) ( ) ( ) – κ – μ , ( ) Δ
uC vC WCC C C F

t x y z z z
∂ ∂ ∂∂ ∂ ∂

+ + + =
∂ ∂ ∂ ∂ ∂ ∂

                    (1) 
 

where x, y, z are the coordinate axes (z axis is down-directed); t is the time; C is 
the contamination concentration; u, v, w are the current velocity components; 
v = {u, v, w} is the current velocity vector; W = w+w*; w* – actual contamination 
speed; κ, µ – are the coefficients of vertical and horizontal diffusion; F(x, y, z, t) is 
the source of contamination.  

At the sea surface (Σ0), bottom (ΣH) and lateral surface (S) boundary 
conditions are set for the total (advective and diffusive) contamination flow. Given 
the property of transportability, it can be written: 
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where H(x, y) is the sea depth in the point with the coordinates (x, y); Un – U = {u, 

v, W} vector component normal to the surface; C
n

∂
∂

 is the normal derivative to 

the boundary.  
Further, the condition for concentration in (3) is replaced with an approximate 

one: 
  

*–κ 0C w C
z

∂
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∂
.                                               (4) 

 
On the side surface S, the boundary conditions are written in the following 

form 

n
+
n–μ C u C u C

n
∂

+ =
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,                                                 (5) 
 

wherе un – is the velocity component normal to the boundary; +
nu  is the flow 

velocity.  
On the solid lateral boundary, the normal component of the horizontal velocity 

vector is equal to zero. 
It is assumed that at the initial moment of time there is no contamination, that 

is, C0 = 0. If the contamination concentration C is measured in g/cm3, then 
the dimension of the source function F will be measured in g/cm3 · s. 

Adjoint problem. To obtain the equation adjoint to equation (1), following 
[17], the equation (1) is multiplied by some function C* and integrated over 
time t∈[0, T] and over the entire volume G of the given reservoir. After 
the transformations we obtain: 
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where nv  is normal to the boundary component of the current velocity vector. 
The integrand on the left side of equation (6) is set equal to some function p(x, y, 
z, t). The equation for the function C* adjoint to equation (1) is obtained, i.e. 
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The left side of equation (6) is a functional 

,
0
∫∫=
G

T

pCdGdtJ                                                 (8) 

 

which is calculated after solving the direct problem. For a given function p, 
the functional takes the form J = J(C). 

For the corresponding initial and boundary conditions in equation (7), 
the same functional (the right side of equation (6)) can also be calculated after 
solving the adjoint problem. In other words, the duality principle takes place: 

 

J(C) = J(C*).                                                              (9) 
 
The "initial" condition for C* has the following form: 

when t = T                               CT
* = 0.                                                           (10) 

 

For equation (7), the boundary conditions are obtained, following [17]: 
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where nu−  – the inflow velocity in the region. 
The equation (7) is reduced to a parabolic equation by changing the variable 

t1 = T – t, t1∈[0, T] and is written in divergent form: 
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Accordingly, the initial condition (10) takes the following form: 

when t1 = 0                                  C* = 0. 
 

Note that the functional J can have a different physical interpretation 
depending on the choice of function p(x, y, z, t). 

A restriction on sanitary conditions, i.e. the functional restriction fulfillment is 
required, is introduced: 

 

J ≤ Jcr,                                                       (15) 
 

where Jcr is the critical value of the functional associated with the sanitary norm for 
a given environmental area. 

Taking into account the sanitary criterion, the choice of a possible pollution 
source position involves the use of two approaches. In the first approach, a number 
of direct problems are solved with enumerating various locations of the pollution 
source and the optimal placement variant is selected based on criterion (15). 
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In the second one, a one-time solution of the adjoint problem is proposed for 
a priori functions p and F, which seems more efficient improved. 

Numerical experiment. Consider the associated problem of the passive 
admixture propagation in the Sevastopol Bay zone. The calculations were carried 
out in the area shown in Fig. 1, a. 

The embankments of the city center, the Artilleriyskaya Bay and the city beach 
area were selected as a nature protection object (zone). The area (approximately 
100 m coastal zone) in Fig. 1, b is indicated by a “comb”, contours of the bottom 
topography are drawn through 5 m. 

 

 
 

F i g.  1. Position of the calculational area (а), bottom relief in the calculational area and location of 
the nature protection zone (b) 

 
Solving the adjoint problem of passive admixture transfer, an influence 

function is obtained. It permits to identify coastal areas where the location of 
pollution sources can cause damage to the nature protection zone for a given 
current structure. Solving the direct problem for various positions of 
the contamination sources, we can verify that the results of solving the direct and 
adjoint problems are consistent. 

The source function F is defined as 
 

( )δ(δ – ξ – )δ )η – ζ(F Q x y z= ,                                          (16) 
 

where (ξ, η, ζ ) are the contamination source position coordinates; Q = const (g/s). 
The source coordinates ξ, η, ζ are set a priori or are selected after solving 
the adjoint problem. We believe that the source acts for 0 ≤  t ≤  T continuously 
with constant intensity.  

In the considered experiments, the function F is approximated as follows 
 

)(
QF

x y z∆
=

∆ ∆
       when x = ξ, y = η, z = ζ, 

F = 0                       when x≠ ξ, y≠ η, z≠ ζ,                         (17) 
 

 

where x∆ , y∆ , z∆  are the grid steps; ( )x y z∆ ∆ ∆  is the box volume centered in 
the point (ξ, η, ζ ).  
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The function p(x, y, z, t) is set in the following form 
 

2 2
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p = 0                                                out of the domain Ω ,              (18) 
 

where 1 2 1 2{ [ ] [ ] [ ]}, , , , 0,x x x y y y z HΩ = ∈ ∈ ∈ .  
Thus, the functional J represents the average concentration of 

the contamination entering the study zone during the time T: 
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According to the formula (18), setting the right-hand side of equation (14), 

further the “adjoint” concentration C* is calculated. Then, using the source 
function (17), it is written [17]: 

 

* *

0 0

( ) (ξ )ξ, η, ζ , η, ζ, .
T T

G

J J C FdGdt Q C t dt= = =∫ ∫ ∫                             (20) 

 

The functional J, which is a function of coordinates, is calculated. According 
to the duality principle, the distribution of the average, in volume and in time, 
concentration of contamination C in the conservation zone, depending on 
the coordinates and power of the source, is obtained. 

Further, the functional J will be called the dominant function. Based on 
criterion (15), the optimal source position (at a given power) is selected. Now, by 
specifying the source F in the form of (17), the direct problem can be solved and 
the way that the contamination comes from it, actually spreads can be established. 

Due to the shallowness of the considered region, the currents here are mainly 
determined by the wind. It is assumed that the wind is stable and does not change 
for several days, so the currents can be considered stationary. Then 
the contamination is transported by steady currents. They are calculated by three-
dimensional barotropic linear model [17] generalized to the case of taking into 
account Rayleigh friction (proportional to the current velocity) [17]. The model 
allows calculating three-dimensional currents by calculating the current velocity 
components using analytical formulas, since the solution reduces to a two-
dimensional problem for the integral function of the current. A description of the 
features of currents in bays and coastal currents is provided by grids with a fine 
step that is allowed in the model. 

Numerical scheme. The admixture transfer problems, direct and adjoint, are 
solved numerically using finite-difference schemes described in [18, 19]. A grid 
with horizontal steps x∆  = 39.5 m, y∆ = 55.5 m was applied in the calculations. 
An nonuniform partition into layers with horizons Zk equal to 0.1, 0.9, 3.1, 6.9, 13, 
1, 26.9, 43.1 m is taken vertically. The coefficients of the impurity horizontal and 
vertical diffusion were assumed constant: µ = 102 cm2/s, κ = 0.1 cm2/s. 
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The coefficients of vertical viscosity and Rayleigh friction are also considered 
constant: А = 20 cm2/s, r = 10–4 1/s. Coriolis parameter is f = 10–4 1/s. 

Numerical experiments were carried out for the main wind directions: eastern, 
northeastern, northern, northwestern, southwestern, southern and southeastern. 
Western wind is excluded from consideration. We assume that the wind stress is 
horizontally uniform. Wind stress amplitude is assumed to be 1 cm2/s2, which 
corresponds to a wind velocity of 8 m/s. 

Impurity transfer calculations in the direct and adjoint problems were 
performed for a time T = 2 days with ∆t = 1 min step. The stability of numerical 
scheme is ensured by the selection of a time step. 

The currents in the upper layers (0–5 m) in all scenarios are directed almost 
downwind due to consideration of the Rayleigh friction. In the deep layers they 
rotate clockwise. And if in the coastal strip in the upper layers the currents are 
directed to the coast, then in the deep layers they are directed from the coast at 
the corresponding wind situation. Therefore, the contaminative impurity spreads 
along the coast only in the upper layers, in the underlying ones it enters the axial 
part of the bay and then gets into the open sea (at the corresponding wind 
situation). 

Analysis of adjoint problem solution. As a result of solving the adjoint 
problem, we obtain the influence function J. We are to analyze its structure: we 
will consider how the average concentration of the impurity entering 
the conservation zone in two days depends on the source location. The power of 
source Q, for definiteness, was taken to be 106 g/min (ton per minute), i.e., over 
two days 2880 tons of contaminative impurity entered the sea. The magnitude of its 
concentration due to the linearity of the problem is directly proportional to 
the power of the source. 

For the convenience of presenting the results, further we introduce 
the normalized influence function J* = J/Jmax (in percent), where Jmax is 
the maximum value of the influence function obtained in a numerical experiment. 
In this calculation, Jmax = 0.211‧10–3 g/cm3. The maximum possible amount of 
contaminative impurity that can enter the conservation zone (106 m3 in volume) in 
two days is 211 tons at the indicated source power. 

The influence function in the conservation zone also depends on the depth of 
the source location. J* function distribution at different horizons at northern wind 
is presented in Fig. 2. J* isolines hereinafter are drawn with 5 % step, the extreme 
isoline corresponds to 1 % and in the shaded area J* ≥  5%. For a pollution source 
located at any horizon on the isoline, for example, at J* = 5 %, the concentration 
level of the contaminative impurity getting from this source into the region under 
consideration will be equal to 0.05 Jmax. Thus, the restriction on the sanitary norm 
determines the selection of the source position. We emphasize that the influence 
function J* shows the effect of a source located on the same horizon at which 
the distribution is considered. 
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F i g.  2. Distribution of function J* on the horizons at the north wind 
 
Note that the average concentration in (J) layer can increase with depth 

depending on the layer thickness and variability of a current average velocity in it. 
The variability of the influence function by depth is illustrated in Fig. 3, which 
shows the dependence of the maximum value of function J* in the layers at 
a northern wind. 

 

 
 

F i g.  3. Maximum value of function J* in the layers at the northern wind 
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Experiments have shown that the most dangerous are the winds of the northern 
and eastern rhumbs. Industrial facilities, port facilities, stormwater and sewage 
from residential areas located on the Northern side of the Sevastopol Bay (in 
the areas marked gray in the figures) may cause damage to the recreational areas 
under consideration. 

At eastern and southeastern wind, the main source of danger is the products of 
economic activity in the Yuzhnaya Bay. At the winds of the southern rhumbs, 
a pollution of the recreational zone is possible only by sources located within 
the nature protection zone itself. The western wind is not considered due to the fact 
that the open sea will be the effect zone at that. 

Since the velocities in the upper layers (up to 25 cm/s) are much higher than in 
the lower layers (2-3 cm/s) at a selected wind stress, the effect zones in the surface 
layers should be noticeably longer. In Fig. 4 the distribution of the function J* 
in the surface layer for different wind directions is shown. 

 

 
 

F i g.  4. Distribution of function J* in the surface layer at various winds 
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Finally, if we bring together J* function distributions for all the main 
directions wind directions, we obtain a total distribution illustrating the location of 
potentially dangerous places for the selected preservation zone (Fig. 5). 

 

 
 

F i g.  5. Total distribution of function J* in the layers 
 

Conclusion 
Based on the results of numerical modeling, the regions where the location of 

pollution sources will lead to a violation of sanitary norms in the considered 
preservation zone were identified. 

According to the experiments, the winds of the northern and eastern rhumbs 
are the most dangerous ones, so the placement of industrial facilities, storm and 
sewage from residential areas on the Northern side of the Sevastopol Bay can harm 
the ecological condition of the region under consideration. 

At the eastern and southeastern wind, the main source of danger is 
the products of economic activity in the Yuzhnaya Bay. 

At the winds of the southern rhumbs, the sources located in the preservation 
zone can cause its pollution. 

At the western wind, the open sea outside the bay will be the effect zone. 
These conclusions are preliminary, since they were obtained for the situation 

of steady currents caused by a constant sufficiently strong wind. In reality, 
the duration and strength of the winds can be weaker and, accordingly, the currents 
can be less pronounced. The inhomogeneity of the wind above the bay can be 
affected by the relief of the coastal part surface which is pronounced, for example, 
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in the Balaklava Bay. At high steep shores a shadow effect in certain wind 
directions may appear. This leads to the occurrence of coastal currents. 

By setting the place and time of the impurity discharge and solving the direct 
problem, we can obtain information about its distribution in space and time. 
The solution of the adjoint problem provides information on the amount of 
impurities in the environmental area in a given perio 

d of time at an arbitrary location of the source. 
The main advantage of using the adjoint equation is efficiency: in order to 

determine the optimal location of pollution sources, taking into account sanitary 
standards for selected environmental objects, only one solution for the adjoint 
problem is required. 
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