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Purpose. The paper is aimed at investigating the propagation of solitons in a shallow basin, assessing 
the nonlinear effects resulting from the wave run-up on a gentle coast, and at comparing the estimates 
obtained using different numerical models with the available analytical dependencies. 
Methods and Results. The results of numerical simulations carried out using two nonlinear models of 
long waves (the author's model and the Simulating WAves till SHore (SWASH) one) are represented in 
the paper. The solitary wave profiles were obtained during its propagation in the part of a basin with 
constant depth conjugated with the inclined bottom. The process of a wave run-up on the coast was 
simulated using the algorithm of fluid movement along a dry coast. It is shown that when a soliton 
propagates in the basin part with constant depth, the nonlinearity effects are manifested in 
deformation of a wave profile. In other words, increase of the wave initial amplitude and the distance 
traveled by a wave is accompanied by growth of the wave front slope steepness. This, in its turn, 
leads to increase of a splash when the waves run-up on the coast. The estimates of the run-up heights 
resulted from different numerical models are in good agreement. 
Conclusions. The calculated values of the maximum wave run-up on the coast for the non-deformed 
waves, the length of which is equal to that of the traversed path, are close to the estimates obtained 
analytically. For the waves with the deformed profile, the front slope steepness of which increases 
with propagation over long distances, the run-up heights increase with growth of the wave initial 
amplitude. In such a case, it is desirable to replace the analytical estimates with the numerical ones. 
The run-up height of the deformed waves can exceed the wave initial amplitude by four or more 
times. The results obtained in this study can be useful in projecting the coastal protection 
constructions with the regard for preserving the coastal ecology and economy. 
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Introduction 
The study of the solitary waves’ propagation in the shallow water, followed by 

a run-up onto the coastal slope, is a practically significant task. Such processes can 
be observed, first of all, when tsunami waves, as well as tidal and ship waves, 
approach the coast. In the open ocean, these waves have a small amplitude and do 
not pose a particular danger, however, as they approach the coast, their propagation 
velocity decreases, and the height increases. When approaching the coast at 
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a certain stage of wave deformation in shallow water, wind waves transform into 
the solitary waves [1]. In [2], it was suggested that the wind solitons are one of 
the possible causes for the formation of rogue waves in a shallow sea. Frequent 
observation of solitons in the shallow sea zones was noted in [3]. In the shallow 
water, the impact of non-linear effects increases, which entails an increase in 
the run-up heights and leads to a destructive effect on the coast. The main danger 
of such waves is that they can be amplified by other phenomena, for example, 
tides, while penetrating long distances into the interior of the coast [4]. 

The analytical solution of the nonlinear shallow water equations on a flat slope 
was found for the first time in [5]. The approach used there was further developed 
in a number of works by various authors [6–13]. In [7, 8], analytical estimates were 
obtained for determining the heights of the run-up of non-breaking waves on a flat 
slope, which are in fairly good agreement with the experimental data. Comparison 
of numerical calculations of wave run-up on a flat slope with experimental data and 
analytical estimates of various authors was carried out in [9]. Experimental studies 
are described in [10–12]. 

The main attention in the abovementioned works is paid to the determination 
of the maximum wave run-up depending on its amplitude and the shore inclination 
angle. At the same time, it is known that the height of the wave run-up to the coast 
substantially depends on the steepness of the front slope of the wave [13, 14]. 
The waves, penetrating into the shallow water, become “sensitive” to a decrease in 
depth, and, as a result, come to the shore deformed: their front slope becomes 
steep, which can eventually lead to extreme run-up. In [13, 15] it was demonstrated 
that the waves with a steep front slope can penetrate deep into the land for greater 
distances than the waves with a symmetric profile. Within the framework of 
the theory proposed in [13], the role of the wave steepness as a determining 
parameter for calculating the height of the tsunami wave run-up becomes clear. 
In [16], an appropriate formula for the maximum run-up height was proposed, 
taking into account the steepness of the wave front. 

In this work, we continue to study the run-up of nonlinearly deformed waves 
on a gentle slope. A numerical simulation of the solitary wave propagation in 
a model basin, consisting of a section of constant depth connected to an inclined 
bottom, followed by a wave run up to the shore, has been carried out. 
The calculations were carried out using two nonlinear numerical models – 
the model from [14] and the Simulating WAves till SHore (SWASH) model *. The 
influence of nonlinearity on the deformation of the wave was studied in the section 
of constant depth. Estimates for the heights of the wave splash when running up a 
gentle coast are obtained. The results obtained numerically within the framework 
of these models were compared with each other and with analytical dependences 
obtained by other authors. 

* The SWASH team, 2012. SWASH (7.01). [computer program] Delft University of Technology. 
[online] Available at: https://swash.sourceforge.io [Accessed: 31 November 2021]. 
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Mathematical problem statement 
We consider the problem of a solitary surface wave propagation in a basin 

with a slope followed by a run-up to the coastal slope. In Fig. 1 a model basin with 
a depth H(x), which consists of a section of constant depth H0 of length L, 
connected to an inclined section with a bottom slope α. 

 
 

F i g.  1. Scheme of a solitary surface wave propagation in a basin followed by run-up on the coastal 
slope 

 
The process of wave propagation in the model basin was described using 

a nonlinear model of long surface waves, which operates with a depth-averaged 
horizontal velocity and sea level displacement [17]: 
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where u = u(x, t) is a horizontal velocity averaged over the basin depth; t is time; х 
is a longitudinal coordinate; g is the gravitational acceleration; ) ,ζ(ζ tx=  is a sea 
level displacement averaged along the cross section of the basin; 

),(ζ)(),( txxHtxD +=  is dynamic (full) depth of the basin. 
The initial conditions assume that at t = 0 the liquid in the basin is at rest: 
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The entrance of a solitary wave of initial height a0 into the basin was modeled 
using boundary conditions. At the liquid boundary x = 0, the entrance of a solitary 
wave of initial height a0 into the basin was specified as a time series of sea level 
displacement values corresponding to the Korteweg-de Vries soliton profile: 
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where Т = λ/C is a time of the wave passage of x = 0; ( ) 20arch34λ 000 aHH=  
is a characteristic width of a solitary wave profile at a0/20 height [7, 8]; 

0)0( gHCC ==  is a wave phase velocity at the basin entrance. The period Т is 
“conditional” [1] period of a solitary wave, which characterizes in this work 
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the time during which the soliton passes through the section located between 
the points of the wavefront at a height of 1/20 of the amplitude, through the section 
x = 0. This parameter is determined by the length and velocity of the solitary wave 
propagation. The soliton length as the wave width at a height of 1/20 of the initial 
amplitude was chosen in this work in order to accurately set the wave profile and 
preserve its shape when entering the computational domain. 

From the moment of the wave complete penetration of the into the channel (at 
t = T) at the liquid boundary x = 0, the condition of wave generation (3) is replaced 
by the condition of free wave exit: 
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The initial boundary value problem (1) – (4) was solved numerically using 
the finite difference method using an explicitly implicit first order approximation 
scheme in time. The flooding – drainage process was modeled using the algorithm 
described in [18]. The calculations were carried out on a grid with Δх = 1 spatial 
resolution and with Δt = 0.01 s time step. 

Some of the numerical experiments were carried out using the SWASH 
hydrodynamic model, which is based on nonlinear shallow water equations. Unlike 
[14], this model can take into account non-hydrostatic effects. For comparability of 
the results of the two models, these effects were not included in SWASH. 

 
Study results and their discussion 

We consider the propagation of a solitary surface wave, the shape of which is 
specified in the form of a soliton (3). The initial wave amplitude is 0.2 m, its length 
is ∼ 1000 m (at a height of 1/20 of the amplitude). In Fig. 2 the sea level 
distributions during the wave propagation along a section of constant depth 
H0 = 20 m, the length of which is 15 km, are shown. The waveforms at different 
times, obtained within the framework of the nonlinear long wave model described 
by formulas (1) – (4), and the profiles calculated using the SWASH model, are 
presented. 

In Fig. 2 it can be seen how the wave that entered the computational domain 
transforms over time. The front slope of the wave becomes steep, while its length 
and initial amplitude remain unchanged. With the further propagation of the wave 
along a section of constant depth, its front slope will become steeper until 
the breaking occurs. In [7], the breaking criterion is determined by the analytical 
formula 
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However, this equation is valid for those waves that, when approaching 
the slope, have a symmetrical shape. The criterion for the wave breaking in 
the model of nonlinear long waves from [14] was the condition under which 
the orbital velocity of a particle on the wave crest becomes greater than the wave 
phase velocity, i.e. Ct ≥∂∂ /ζ . 
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F i g.  2. Soliton propagation in a basin of constant depth at different time moments. The wave initial 
amplitude a0 = 0.2 m, the basin depth H0 = 20 m 

 
Wave breaking in the SWASH model was taken into account by the following 

criterion: 
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where β = 0.6 is the maximum wave steepness. 
After passing a section of constant depth, the wave continues its movement on 

an inclined section, and then along a dry coast. In Fig. 3 the position of 
the shoreline at the moment of the maximum wave run-up to the coast and 
the maximum drainage of the bottom is shown. The curves, calculated within 
the framework of the nonlinear model of long waves and using the SWASH model, 
which are in good agreement, are given. A slight excess of the run-up for the curve 
obtained within the framework of the nonlinear long-wave model is observed. 
Thus, the height of the wave run-up exceeds the initial wave amplitude by 4.4 
times. The drop in sea level during the run-down was ∼ 0.5 of the initial wave 
amplitude. 
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F i g.  3. Sea level at the moment of the maximum wave run-up on the coast and subsequent run-
down. The wave initial amplitude a0 = 0.2 m, the basin depth H0 = 20 m, the length of the constant 
depth section L = 15 km, the bottom slope tg α = 0.1 

 
Reflecting from the coast, the wave moves in the opposite direction. 

The reflected wave is demonstrated in Fig. 4, where it can be seen that the solitary 
wave, after the run-up onto the shore, is transformed into an alternating wave. 

 

 
 

F i g.  4. The reflected wave profile while its propagation and subsequent run-up on the coast. 
The wave initial height a0 = 0.2 m, the basin depth H0 = 20 m, the length of the constant depth section 
L = 15 km, the bottom slope tg α = 0.1 

 
Profile curves in Fig. 2 demonstrate that the greater the distance over which 

the wave propagates, the stronger the effects of nonlinearity appear, which leads to 
an increase in the steepness of the wave front slope. We study the height of the run-
up of solitons on the coastal slope depending on the length of the section L of 
constant depth. In Fig. 5 the estimates of solitary waves’ splashes of various 
amplitudes, calculated within the framework of both models, are shown. It can be 
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seen that for undeformed waves (at L/λ = 1), the ratio of the run-up height to 
the initial amplitude is 3.2 at a0 = 0.2 m, 3.5 at a0 = 0.3 m, 3.9 at a0 = 0.5 m. With 
an increase in the length of a section of constant depth, the process of wave 
propagation is accompanied by an increase in the steepness of the wave front slope, 
which leads to a splash increase when the waves run-up to the shore. 

 

 
 

F i g.  5. Estimates of relative heights of the solitary wave run-ups on the coast depending on the 
length of the basin part with constant depth for different wave initial amplitudes. The basin depth 
H0 = 20 m, the bottom slope tg α = 0.1 
 

In Fig. 5, the estimates obtained using the nonlinear long wave model (1) – (4) 
represent the run-up heights of non-breaking waves. When the maximum steepness 
of the front slope is reached, the wave breaks down, and further numerical 
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experiments are possible only in the SWASH model, which assumes the calculation 
of the propagation and run-up of breaking waves on the coast. It can be seen 
(Fig. 5) how, after the wave breaks, the run-up height reaches its maximum, and 
then begins to decrease due to energy dissipation during the breaking. An increase 
in the initial wave amplitude also leads to an increase in the splash. At the same 
relative distance L/λ, the run-up heights turn out to be the largest for waves with 
larger initial amplitudes. At the same time, the larger the amplitude of the solitary 
wave is, the smaller the characteristic width of the wave profile is, which leads to 
a more rapid onset of wave breaking and energy dissipation. Thus, for deformed 
non-breaking waves of small amplitude (a0 = 0.2 m), the height of the run-up onto 
the shore increases by 4.4 times, for a0 = 0.3 m – by 4.5–4.6 times, for waves of 
large amplitude (a0 = 0.5 m) – 4.2–4.3 times. Further studies within the framework 
of the SWASH model showed that the maximum height of the breaking wave run-
up exceeded the initial wave amplitude by 4.85 times at a0= 0.2 m, by 4.73 times at 
a0= 0.3 m, by 4.36 times at a0= 0.5 m. 

The numerical estimates obtained using these models showed good agreement. 
The difference in the run-up heights for large amplitudes is associated with the use 
of different algorithms in the models when calculating the run-up. 

The analysis of comparison of the results obtained numerically and 
analytically is carried out. In [7], the following expression was proposed for 
determining the run-up height: 
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In [16], the dependence of the run-up height on the wave steepness was 
obtained: 
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where R0 is run-up height of undeformed wave; s is the maximum steepness of 
the nonlinearly deformed wave; s0 is the maximum steepness of undeformed wave. 

In Fig. 6 the analytical curve calculated by the formula (6) for the height of 
the waves with a symmetrical profile is shown. It also presents analytical 
dependences found by formula (7) for the waves with a nonlinearly deformed 
profile, and numerical estimates for non-breaking waves obtained within 
the framework of the models described above. It can be seen that the numerical 
estimates of the splashes are close in magnitude to the analytical estimates. 
However, with an increase in the distance over which the wave propagates, the 
heights of the wave run-up onto the coast also increase. Thus, analytical estimates 
can provide a good quantitative description for the waves whose wavelength is 
comparable to the covered distance. In order to study the waves with 
an asymmetric profile, which was deformed as a result of the manifestation of 
nonlinear effects, it is necessary to use numerical methods. 
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F i g.  6. Dependences of the maximum run-ups of the unbroken solitary waves. The basin depth H0 = 
= 20 m, the bottom slope tg α = 0.1 

 
Conclusion 

Using nonlinear models of long waves, a series of numerical experiments was 
carried out to study the deformation of a solitary wave in a basin of shallow depth 
and subsequent run-up onto a gentle coast. The curves obtained for the soliton 
profiles in different models are in good agreement. It is shown that with an increase 
in the length of a constant depth section of the basin, the wave profile is deformed 
as a result of an increase in the steepness of the wave front slope. This, in its turn, 
has a significant effect on the increase in the run-up when the wave rushes to the 
shore. It was found that the undeformed waves when they roll onto the shore are 
amplified by 3.2 times with an initial amplitude of 0.2 m, and the maximum 
deformed waves – by 4.4 times. With an amplitude of 0.3 m, the ratios of the 
overshoots of undeformed and deformed waves to their amplitude were 3.5 and 
4.5–4.6, and with an amplitude of 0.5 m – 3.9 and 4.2–4.3, respectively. With an 
increase in the initial amplitude of a solitary wave, the length of the path is reduced 
and the breaking occurs faster. 

The calculated values of the maximum run-up onto the coast of undeformed 
waves, the length of which is comparable to the distance covered, are close to 
the estimates obtained analytically. For the waves approaching the shore with a 
steep front slope, the splash heights increase with a rise of the initial wave 
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amplitude. In order to estimate the height of such waves’ run-up to the coast, it is 
necessary to use numerical models. 
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