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Abstract  
Purpose. The work is aimed at studying both the momentum vertical transfer by internal waves with 
the regard for the Earth rotation and the shear current in the western part of the Mediterranean Sea, 
and the influence of turbulent viscosity and diffusion upon the indicated wave fluxes and the Stokes 
drift. 
Methods and Results. To solve the initial system of the hydrodynamics nonlinear equations, a weakly 
nonlinear approach was used. In the first order of smallness in the wave amplitude, the boundary 
problem for the vertical velocity amplitude was solved; in the second order in the wave amplitude, 
the nonlinear effects, namely the Stokes drift and the vertical wave momentum fluxes, were 
investigated. The indicated boundary problem was solved in two ways: by the perturbation method 
applied earlier and by the numerical one by the implicit Adams scheme of the third order of accuracy. 
The perturbation method assumes expansion of the solution and the wave frequency in a series by 
a small parameter proportional to the horizontal turbulent viscosity. The results obtained by 
the perturbation and numerical methods were compared. Coincidence of the results of calculating 
the dispersion curves by both methods is shown. However, for the wave damping decrement, 
the perturbation method yields the overestimated values, at that for the second mode the values are 
higher than those for the first one. The vertical wave momentum fluxes are nonzero, and 
the perturbation method yields the overestimated values for the flux uw . The vertical wave 
momentum flux vw  is practically independent of turbulent viscosity and diffusion, and both methods 
give the identical results for it. The velocity component of the Stokes drift along the wave 
propagation direction is also insensitive to turbulent viscosity and diffusion, whereas the transverse 
component equals zero in the absence of turbulent viscosity and diffusion. 
Conclusions. The perturbation method provides the overestimated values of the wave damping 
decrements, the wave momentum flux uw  and the transverse component of the Stokes drift velocity. 
The horizontal turbulent viscosity and diffusion exert practically no effect upon the wave momentum 
flux vw  and the longitudinal component of the Stokes drift velocity. 
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Introduction. Internal waves play an important role in the dynamic processes 
of the ocean. This is especially true of the shelf and the continental slope. 
The sources of internal wave generation are different: atmospheric disturbances, 
interaction of currents and tides with bottom relief inhomogeneities [1], generation 
of internal waves by synoptic eddies. Internal waves can be generated in the case of 
the hydrodynamic instability of currents [2]. In this paper, the vertical exchange is 
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associated with internal waves, and this is not accidental. Internal waves often 
generate turbulence, which causes mixing of stratified layers of liquid. Thus, small-
scale turbulence causes vertical exchange in the ocean [3]. Turbulence is generated 
by the breaking of surface and internal waves [3, 4]. The hydrodynamic instability 
of currents and internal waves also leads to turbulence generation [2, 5, 6]. 
Hydrodynamic instability of currents often generates internal waves, which also 
become unstable and generate smaller-scale waves [7]. Consequently, there is 
a cascade transfer of energy on a small scale, to the point of turbulence. 
The breaking of internal waves is by no means a typical process in the ocean, much 
more often turbulence is supported by a weak shift in the flow velocity in 
the internal wave 1. 

In a stratified marine environment, turbulence is strongly suppressed, but due 
to stratification, internal waves exist, therefore, the study of their contribution to 
the vertical exchange seems to be an important and urgent task. The problem of 
internal waves and turbulence interaction is still far from being solved since 
nonlinear interactions play a key role in it. 

Turbulent viscosity and diffusion make it possible to describe the effect of 
small-scale turbulence on internal waves, which attenuate when taking into account 
turbulent viscosity and diffusion [8–10]. In this case, the vertical wave momentum 
fluxes are different from zero [11, 12]. However, these fluxes were found when 
solving the boundary value problem for the vertical velocity amplitude by 
the perturbation method by decomposing the solution and the wave frequency into 
series according to a small parameter proportional to the horizontal turbulent 
viscosity. In this paper, this boundary value problem is solved numerically by 
the implicit Adams scheme of the third order of accuracy. It is of interest to 
compare wave momentum fluxes obtained by the numerical and perturbation 
methods. The same applies to the velocity of the Stokes drift of liquid particles. 
The vertical wave momentum fluxes of  internal waves are different from zero and 
in the absence of turbulent viscosity and diffusion in the presence of a current in 
which the velocity component normal to the wave propagation direction depends 
on the vertical coordinate [13, 14]. In this regard, it is important to study 
the influence of horizontal turbulent viscosity and diffusion on the mentioned 
processes. 

 
Problem statement. In the Boussinesq approximation, free inertia-gravity 

internal waves on a plane-parallel shear flow, taking into account horizontal 
turbulent viscosity and diffusion, are considered. Nonlinear hydrodynamic 
equations for wave disturbances are solved in a weakly nonlinear approximation: in 
the linear approximation the dispersion properties of internal waves are studied and 
the wave attenuation decrement is found; in the second-order wave amplitude 
the vertical wave momentum fluxes and the Stokes drift velocity are found. 

Motion equations for wave disturbances have the following form: 

1 Ostrovskii, L.A., Soustova, I.A. and Tsimring, L.Sh., 1981. Influence of Internal Waves on Small-
Scale Turbulence in the Ocean. Preprint No. 31. Gorky: IAP of the USSR Academy of Sciences, 15 p. 
(in Russian). 
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where x, y, z are cartesian coordinates, z axis is directed opposite to the free fall 
acceleration, g; u, v, w are the projection of current wave velocity in the specified 
coordinate system; 0ρ  is undisturbed average water density; P and ρ  are wave 
disturbances of pressure and density; f is the Coriolis parameter; ,K M  are 
the coefficients of horizontal turbulent viscosity and diffusion, which are assumed 
to be constant; 0 ( )U z  is a mean current velocity. Let us make an estimate 
of the horizontal scale of the average density variation. For this purpose, 
geostrophic ratios 2 are to be used. An estimate for the specified scale

0
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 follows from them. The vertical gradient profile of 

the average current velocity is demonstrated in Fig. 1, a. The maximum value of 
the modulus of the current velocity vertical gradient is 2.2 · 10−2 · 1/s, then ρL is at 

least 5.19 × 106 m, i.e., much longer than the wavelength. Thus, the dependence of 
the average density on the horizontal coordinate can be neglected. 

We use the “rigid lid” conditions on the surface and the absence of tangential 
stresses as boundary conditions 3 [9]: 
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= =
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at the bottom, there is an impermeability condition and also the absence of 
tangential stresses 3 [9]: 

2 Kamenkovich, V.M., 1977. Fundamentals of Ocean Dynamics. Amsterdam; New York: Elsevier 
Scientific Pub. Co., 240 p. 
3 Miropol'sky, Yu.Z., 2001. Dynamics of Internal Gravity Waves in the Ocean. Dordrecht: Springer, 
406 p. 
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where H is sea depth. 
 

 

 
 
F i g.  1. Vertical profiles of the current velocity gradient (a), the current velocity (b) and the Brunt–
Väisälä frequency (c) 
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At the bottom, the tangential stresses are equal to zero, since the vertical 
exchange coefficients are neglected in comparison with the horizontal turbulent 
exchange coefficients. 

 
Linear approximation. The linear approximation solutions can be found in 

the following form [11–14]: 
 

10 ( ) exp( ( ω )) c.c.u u z A i kx t= − + , 10 ( ) exp( ( ω )) c.c.v v z A i kx t= − + ,

1 10 ( ) exp( ( ω )) c.c.w w z A i kx t= − + , 

1 10 ( ) exp( ( ω )) c.c.P P z A i kx t= − + , 1 10ρ ρ ( ) exp( ( ω )) c.c.z A i kx t= − + ,          (8) 
 

where A is an amplitude multiplier; k is a horizontal wave number; ω is a wave 
frequency; c.c. are complex conjugate terms. 

After substituting (8) into the system (1) – (5), the connection of the amplitude 
functions 10 10 10 10, , ρ ,u P v  with 10w  follows [11, 12]: 
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Function 10w  satisfies the following equation [11, 12]: 
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where 2 0

0

ρ
ρ (0)

dgN
dz

= −  is a square of the Brunt–Väisälä frequency. 

Boundary conditions have the following form: 
 

10 10(0) ( ) 0w w H= − = .                                            (12) 
 

The remaining boundary conditions in (6), (7) are fulfilled automatically. 
The boundary value problem (11), (12) in [11, 12] was solved by 

the perturbation method, when the solution and the frequency of the wave were 
decomposed in a series by a small parameter proportional to the horizontal 
turbulent viscosity value. In this paper, this problem is solved numerically by 
the implicit Adams scheme of the third order of accuracy. A comparison of 
the dispersion curves and the dependence of the wave attenuation decrement on 
the frequency for the first two modes is given below. 
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Nonlinear effects. The relationship between the current velocity in the Euler 
u and Lagrange Lu  representations with accuracy up to the terms of the second 
order in the steepness of the wave has the following form 4 [15]: 
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This integral equation is solved by the iterative method. With an accuracy of 
the terms, quadratic in the wave amplitude, after averaging over the wave period, 
an expression for the average Lagrangian velocity is obtained 4: 
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where vector ( )0 0,U VU is a mean current velocity ( 0V  = 0); u  is a field of Euler 
velocities, a line above means averaging over the wave period. Velocity of 
the Stokes drift of liquid particles is represented by the second term in (14) and is 
determined by the following formula 4 [15]: 
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The components of the Stokes drift velocity along and across the wave 
propagation direction have the following form [11, 14]: 
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where 1 exp(δω )A A t= ⋅ , δω Im(ω)=  is the imaginary part of the frequency, 
the wave attenuation decrement. 

From (8) – (10), the expressions for vertical wave momentum fluxes uw , vw  
follow [11, 14]: 
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4 Dvoryaninov, G.S., 1982. [Effects of Waves in the Boundary Layers of the Atmosphere and Ocean]. 
Kiev: Naukova Dumka, 25 p. (in Russian). 
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In inertia-gravity internal waves, the momentum flux vw  is nonzero. 
The momentum flux uw  is different from zero only in the presence of turbulent 
viscosity and diffusion, in this case it is not equal to zero even if the Earth rotation 
is not taken into account. The component of the Stokes drift velocity transverse to 
the wave propagation direction is different from zero for inertia-gravity internal 
waves only when turbulent viscosity and diffusion are taken into account, 
if the rotation of the Earth is not taken into account, then it is zero. 

 
Results of calculations. The Strait of Gibraltar connects the Mediterranean 

Sea with the Atlantic Ocean. The Atlantic Ocean waters, less salty, enter the Strait 
of Gibraltar at high velocity, being located in the upper 100-meter layer. The saltier 
waters, which flow more slowly from the Mediterranean Sea, are deeper. 
At the exit from the Strait of Gibraltar to the Mediterranean Sea, a layer with 
a sharp drop in current velocity and water density is formed, the corresponding 
vertical profiles of current velocity and stratification are demonstrated in 
Fig. 1, b, c [16]. The semi-daily tide, running from the Atlantic Ocean to the Strait 
of Gibraltar, generates internal waves. In particular, during a full-scale experiment, 
powerful wave trains of the lowest mode of internal waves with 14 min period 
were detected [16]. In order to clarify the vertical structure of internal waves, 
the boundary value problem (11), (12) is solved numerically according to 
the implicit Adams scheme of the third order of accuracy at K = 2M. 
At the considered scales, the typical value of the horizontal turbulent diffusion 
coefficient is M = 1 m2/s [17]. For a fixed wave frequency, the wave number and 
the wave attenuation decrement are determined by the shooting method. The results 
of numerical calculations are compared with the results of solving the boundary 
value problem (11), (12) by the perturbation method [12], when the solution and 
the frequency of the wave are searched for as a series for a small parameter 
proportional to the horizontal turbulent viscosity. 

From Fig. 2 it follows that the dispersion curves constructed by 
the perturbation method and by numerical solution of the boundary value problem 
(11), (12) actually coincide. Fig. 3 demonstrates the dependence of the imaginary 
part of the wave frequency on the real part of the frequency for the first (1) and 
second (2) modes calculated by the perturbation method (curves 1p, 2p) and by 
numerical solution of the boundary value problem (11), (12) (curves 1n, 2n). 
The perturbation method provides overestimated values of the module of the wave 
frequency imaginary part, for the second mode – larger ones. 

The normalizing multiplier 1A is found by the known value of the maximum 

amplitude of vertical displacements [12]. The vertical wave momentum fluxes uw  
(formula (18)) for 14-minute internal waves of the first mode with 16 m amplitude, 
obtained both in the numerical solution of the boundary value problem (11), (12), 
and when using the perturbation method, are given in Fig. 4. The perturbation 
method provides overestimated values of the vertical momentum flux uw . 
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F i g.  2. Dispersion curves of the first (1) and 
second (2) modes of internal waves 

F i g.  3. Dependence of the damping 
decrement upon the wave frequency obtained 
by the perturbation method (curves 1p, 2p) and 
by the numerical solution of the boundary 
problem (curves 1n, 2n) 

 
 

 

 
F i g.  4. Profiles of the vertical wave flux of 
momentum uw  obtained by the perturbation 
method (solid line) and by the numerical one 
(dashed line) 

F i g.  5. Profiles of the vertical wave 
momentum flux vw  

Vertical wave momentum flux vw  (formula (19)) is shown in Fig. 5. 
The perturbation and numerical methods give identical results, moreover, the wave 
flux vw is practically not affected by horizontal turbulent viscosity and diffusion. 
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The wave vertical momentum fluxes uw , vw  and the corresponding turbulent 
flux u w′ ′  are compared in Fig. 6. The turbulent momentum flux is determined by 

the gradient hypothesis: 0
z

dUu w K
dz

′ ′ = − . The vertical exchange coefficient 

in the upper 150-meter highly stratified layer is inversely proportional to 
the Brunt–Väisälä frequency: 1 48.4 10z cK N − −= ⋅ m2/s, here cN  corresponds to 
the Brunt–Väisälä frequency (cph) [18]. Deeper, where the stratification is weak, 
the coefficient of turbulent exchange is proportional to cN  [19]. In general, 
the wave momentum fluxes are superior to the turbulent one in modulus. The wave 
flux vw exceeds the uw  flux in absolute magnitude. 

 

  
 
F i g.  6. Profiles of the wave (solid and dashed 
lines) and turbulent u w′ ′  (dotted line) vertical 
momentum fluxes 

 
F i g.  7. Vertical profiles of transverse 
component of the Stokes drift velocity obtained 
by the perturbation method (solid line) and by 
the numerical solution of the boundary problem 
(11), (12) (dashed line) 

 
The vertical profiles of the Stokes drift velocity component sv  transverse to 

the wave propagation direction, calculated by the perturbation method and 
the numerical method, are shown in Fig. 7. The perturbation method provides 
overestimated values in the upper 70-meter layer. In the absence of turbulent 
viscosity and diffusion 0sv = . 

The longitudinal component of the Stokes drift velocity su is demonstrated in 
Fig. 8. The perturbation method and numerical methods give identical results, 
moreover, turbulent viscosity and diffusion having practically no effect on this 
component of the Stokes drift velocity. The longitudinal component of the Stokes 
drift velocity is three orders of magnitude greater than the transverse one. 
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F i g.  8. Vertical profiles of the longitudinal 
component of the Stokes drift velocity 

 
F i g.  9. Profiles of the vertical wave momentum 
flux vw  at the increased turbulent exchange 
coefficients obtained by the perturbation method 
(black curve), by the numerical one (red curve) 
and in the inviscid case (green curve) 

 
It is still of interest to study the effect of turbulent viscosity and diffusion on 

the wave momentum flux vw  and on the Stokes drift velocity su  at large 
coefficients of turbulent exchange. Fig. 9 shows the profiles of vertical wave 
momentum flux vw  calculated by the perturbation and numerical methods 
at M = 50 m2/s, as well as for the inviscid case at 0M K= = . 
The perturbation method provides strong distortions of the vertical momentum flux 
in the upper 70-meter layer. The wave momentum flux vw , according to numerical 
calculations, is slightly larger than the flux with no regard to turbulent viscosity 
and diffusion. 

Fig. 10 demonstrates the vertical profiles of the Stokes drift velocity su  of 
the first-mode 14-minute internal waves, calculated by the perturbation method, 
the numerical method and for the inviscid case at 0M K= = . 
The perturbation method provides a noticeable distortion of the Stokes drift 
velocity in the upper 25-meter layer. 

Numerical calculation with regard to turbulent viscosity and diffusion gives 
slightly larger values of the Stokes drift velocity su in modulus compared to 
the inviscid case when turbulent viscosity and diffusion are not taken into 
account. 
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F i g.  10. Vertical profiles of the Stokes drift velocity su  at the increased turbulent exchange 
coefficients obtained by the perturbation method (black curve), by the numerical one (red line) and in 
the inviscid case (green curve) 

 
Conclusions 

1. When solving the boundary value problem (11), (12) by the perturbation 
method, the vertical wave momentum flux uw  exceeds the flux uw when solving 
this problem by the numerical method according to the implicit Adams scheme of 
the third order of accuracy. 

2. The perturbation and numerical methods provide identical results for 
the vertical wave momentum flux vw , and taking into account horizontal turbulent 
viscosity and diffusion practically does not change it. Similarly, the of Stokes drift 
velocity along the wave propagation direction is practically insensitive to regarding 
for turbulent viscosity and diffusion. If the turbulent exchange coefficients are 
increased by 50 times, then the perturbation method will give a noticeable error, 
especially in the upper layer. Numerical calculation in this case shows that taking 
into account turbulent viscosity and diffusion slightly increases the wave 
momentum flux vw  and the Stokes drift velocity su . 

3. The perturbation method for the transverse component of the Stokes drift 
velocity gives an overestimate in the upper 70-meter layer, and if the turbulent 
viscosity and diffusion are not taken into account, then it is equal to zero. 
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