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Abstract

Purpose. The work is purposed at studying the wave mechanism of fine structure generation, as well as
determining the vertical wave fluxes of mass.

Methods and Results. In contrast to the previously used mechanism of forming a fine structure by
internal waves due to breaking, a new approach based on determining the vertical wave fluxes of mass
in the field of an inertia-gravity internal wave without breaking is proposed. The inertia-gravity internal
waves on the Black Sea northwestern shelf are considered on a flow with a vertical velocity shift.
The flow is assumed to be geostrophically balanced with the vertical velocity shifts compensated by
a horizontal density gradient. The f-plane approximation is used. Thus, the classical scheme for
describing a wave field by the hydrodynamic equations is applicable with regard to the nonlinear
effects. A weakly nonlinear approach is used. In the linear approximation, the eigenfunction and
the dispersion relation are found by solving numerically the boundary value problem which determines
the vertical structure of a mode in the presence of an average flow. In this case, the wave frequency is
of'a complex character since the coefficients in the differential equation of the specified boundary value
problem are complex. Depending on the wave period and the mode number, cither weak attenuation of
a wave or its weak amplification is possible. The eigenfunction of internal waves is also complex.
Therefore, the vertical wave fluxes of mass and the vertical component of the Stokes drift velocity are
nonzero and lead to the generation of vertical fine structure which is irreversible.

Conclusions. In the presence of a two-dimensional shear flow, taking into account the horizontal
inhomogeneity of the average density field enhances the effect of generation of a vertical fine structure
by the inertia-gravity internal waves. The vertical wave fluxes of mass also increase. The indicated
fluxes and generated fine structure for the waves of different frequencies are close and the effect is
enhanced in the presence of the waves of different frequencies.
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Introduction

Fine structure of aliquid medium is a very interesting object studied both
theoretically and experimentally under laboratory conditions. Structures amenable
to detailed experimental study and theoretical analysis [1, 2] arise when solids move
in a liquid. No less interesting structures [3] appear when a liquid drop falls onto
a liquid. Such structures can explain the processes in the sea surface layer during
precipitation.

The fine structure of hydrophysical fields was discovered almost half a century
ago owing to the creation of high-resolution sounding equipment. Indeed, no one had
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imagined before its discovery that temperature and salinity vertical profiles on small
spatial scales were very variable. This variability was initially thought ' [4] to be due
to small-scale turbulence, also not fully understood object. But then it turned out that
not only turbulence was responsible for the fine structure generation as the kinematic
effect of internal waves also gave a fine structure in measurements [5, 6]. However,
this was not a long-lived structure since the kinematic effect disappeared after
the wave train passage.

Double diffusion provided a mechanism for vertical stratification of temperature
and salinity profiles in the ocean ? [7—10]. The formation of convective cells in
the form of salt fingers [11-14] is possible if temperature and salinity decrease with
depth. They differ markedly from the surrounding liquid layers in terms of
characteristic gradients, i.e. a structure appears with alternating thin stratified layers
and quasi-homogeneous ones. This is actually the fine structure. Such conditions are
very typical for the World Ocean and approximately 70% of its column is subject to
such stratification 2. Double diffusion takes place when temperature and salinity
increase with depth [15, 16]. Geothermal heat sources at the bottom contribute to
this process. Double diffusion can lead to the formation of step structures which have
been repeatedly observed in field experiments [17, 18]. Intrusive layering with
mutual penetration of waters with different T, S-characteristics [19-21] is possible
in the area of fronts. Intrusions are possible due to internal wave breaking at the shelf
edge in the continental slope area [22].

It should be noted that such conditions are not always realized and this
phenomenon is more exotic than widespread in inland seas far from fronts. The fine
structure still exists and can be explained by other mechanisms which, of course,
also work in the open ocean. The internal waves breaking and hydrodynamic
instability of flows is the mechanism that has been proposed to explain the fine
structure formation [23-26]. However, it turned out that internal waves do not
necessarily have to break in order to generate a fine structure. The wave field is
intermittent, and internal waves often propagate as wave trains [27]. Due to
nonlinearity, trains of internal waves produce small corrections to the flow density
and velocity [28] with a horizontal scale equal to the train envelope scale, and
the vertical scale is determined by relation ¢, /N, where ¢, is group velocity of

train and N is Brunt—Viisdld frequency. However, these corrections are
proportional to the square of the current wave amplitude and disappear after
the wave train passage.

The waves attenuate and form boundary layers in the vicinity of
the boundaries [29, 30] in a dissipative medium when viscosity and diffusion are
taken into account. A beam of three-dimensional internal waves is reflected from
the layer where wave and buoyancy frequencies coincide and the reflection occurs
with energy losses [31] which can amount to several percentage points. Internal

! Gibson, C.H., 1980. Fossil Temperature, Salinity, and Vorticity Turbulence in the Ocean. In:
J. C.J. Nihoul, ed., 1980. Marine Turbulence. Amsterdam: Elsevier Publising Co., pp. 221-257.
https://doi.org/10.1016/S0422-9894(08)71223-6

2 Fedorov, K.N., 1978. The Thermohaline Finestructure of the Ocean. Oxford; New York:
Pergamon Press, 170 p.
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boundary layers are formed at discontinuities in the buoyancy frequency or its
derivatives in the beam of internal waves with a reflected beam also present [31].
Boundary layers have split density and velocity scales. These boundary flows
generate fine structure of the periodic flow.

Internal waves attenuate [32, 33] when turbulent viscosity and diffusion are
taken into account. Vertical wave fluxes of heat, salt and momentum are nonzero
and lead to the formation of an already irreversible fine structure [34—38]. However,
not only consideration of turbulent viscosity and diffusion leads to the vertical fine
structure generation. When taking into account the Earth rotation and
inhomogeneous average flows, vertical wave fluxes of heat, salt and mass are
nonzero even when turbulent viscosity and diffusion are not taken into account and
result in formation of a vertical fine structure [39]. Vertical wave momentum fluxes
are also nonzero [40—44]. However, the horizontal average density gradient which is
always present in a geostrophically balanced flow was not considered in [39]. It was
assumed that the horizontal scale of wave is much smaller than the scale of
the average density field inhomogeneity. We take into account the horizontal
gradient of average density and perform acomparison with the results for
a homogeneous case in the present work. In [39], the boundary value problem for
the vertical velocity amplitude is solved by the perturbation method with
the introduction of small parameter £ =V, / (H - ®), where V, is characteristic flow

velocity, H 1is depth and ® is wave frequency. However, this parameter is not
always small and in this work the boundary value problem for the amplitude of
internal wave vertical velocity is solved numerically using the implicit Adams
scheme of the third order accuracy [40, 42].

Problem statement

Free internal waves are considered in the Boussinesq approximation with regard
to the Earth rotation and the average two-dimensional vertically inhomogeneous
flow in ahorizontal infinite basin of constant depth [34-44]. The f-plane
approximation is used. Horizontal gradients of average density are found from
geostrophic relations * and expressed through vertical shifts of flow velocity
components, as in [45]. The system of hydrodynamic equations for wave
disturbances in the Boussinesq approximation is as follows:

du’ 1

Du p
—+2|Q xu|+u =——VP+g—, 1
o 2L TR W
Dp
—+(UuV)p, =0, 2
Dt uVvp, (2)
divu=0, 3)

3 Kamenkovich, V.M., 1977. Fundamentals of Ocean Dynamics. Amsterdam; New York: Elsevier
Scientific Pub. Co., 249 p.
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where u(u,,u,,u,) is vector of flow velocity wave disturbances; p, P are density
and pressure wave disturbances; p, is unperturbed average density; X, axis is
directed opposite to the gravitational acceleration vector g; €, is vector of

projection of the Earth rotation angular velocity onto theaxis x,; U’

(UIO(X3),U§ (X3),0) is vector of average flow velocity; operator DR'[ has form

D 0
—=—+((U+U"V).
ot o (V)
From the “thermal wind” relations * [45], the components of average density
horizontal gradient are expressed through vertical shifts in the flow velocity as

follows:

9, __pof dU;

= , 4
oX, g dx )
Oy _ ot U/ 5)
x g dx,

where f =2(Q,e,) =20, sing is Coriolis parameter, e, is unit vector of X, axis, Q;
is angular velocity of the Earth rotation, ¢ is latitude.
After substituting relations (4), (5) into equation (2), the latter becomes as
follows:
= 0 = 0
@_ul Mduz +U, pof dUl +u3%
Dt g dx g dx OX,

=0. (6)

The boundary condition on the sea surface is the “rigid lid” condition which
filters internal waves from surface ones and on the bottom — the impermeability
condition *:

u,=0 atx,=0, (7)
u, =0 at x;=-H, (8)

where H is sea depth.

Linear approximation. We look for solutions to equations (1), (3), (6) in
a linear approximation under the condition of horizontal homogeneity of Brunt—
Viisild frequency on the wave scale in the following form [34-45]:

U, =U,(x)Ae" +cc., i=1,2,3, 9)

P=P(x)Ac" +cc., p=p,(x)Ac’ +c.c., (10)

4 Miropolsky, Yu.Z., 1981. Dynamics of Internal Gravitational Waves in the Ocean. Leningrad:
Gidrometeoizdat, 302 p. (in Russian).
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where c.c. are complex-conjugate terms; A is amplitude multiplier; 8 =k X, —otis

wave phase, k is horizontal wavenumber, ®is wave frequency. We assume that
the wave propagates along x, axis.

Expressions for amplitude functions U,,, U,, p;, P, through u,, follow from
system (1), (3), (6):

i du
Uy =% Q=w-k-U/, (11)
0 0
;ZL 9%4_%[1304_ f ( dU u}o_iium)
Py k| k dx, dx, Q dx, k dx,
1(fdu, . duj
Uy, =—| — —iu,, —= |. 12
20 Q[k dX3 30 dX3 ( )

=i lﬁof dUg du30 u dpo_ﬁof dUlo idu30 iu dU; (13)
" Qlk g odx, dx,  Cdx, gQ dx, (k dx,  Cdx, )|

where Q =w—k-U, is frequency with Doppler shift.

The amplitude function of the vertical velocity component u,, satisfies
the equation

0 0
s 2if Y2 520U
d-u,, Tk dx, dx, |duy,
dx,’ Q-1 Q- f?) | dx,
d’u/ d’u; du, du; (1
k(N> -Q*)+Q +if 2 2ifk———=
dx,’ dx, dx, dx,
+ku30 2 2 + 2 2 -
Q —f QO™ - 1)
d
where N = _ 9.9 is squared Brunt—V4isilé frequency.
Py X
Boundary conditions for u,, are as follows:
Uy, (0) = U3 (-H)=0. (15)

Equation (14) has complex coefficients, therefore, generally speaking, its
solution is a complex function and boundary value problem (14)—(15) must also have
complex values of natural frequencies o at a fixed wave number [34-43]. Indeed,
subsequent calculations reveal that the wave frequency has a small imaginary part.
Boundary value problem (14)—(15) was solved analytically in [46, 47] without taking

into account the Earth rotation at f =0 on a flow with a constant vertical velocity
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gradient at constant Brunt—Viisild frequency. A solution is obtained in the form of
imaginary order modified Bessel functions. The dispersion equation was solved
using both asymptotic and numerical methods. It is shown that the flow leads to
a noticeable anisotropy of the dispersion curves; in particular, frequency isolines in
the plane of horizontal wave numbers can open up. Equation (14) has real
coefficients at f =0, so the wave frequency and the eigenfunction of internal

waves are real when the Richardson number is larger than 1/4 [46, 47].

Nonlinear effects. The flow velocities in the Euler u and Lagrange u,

representations are related by relation ° [36, 43] up to second-order terms in wave
steepness

u, :u+(}uLdrV)u. (16)

Solving this equation by iteration method up to terms quadratic in the wave
amplitude, we obtain an expression for the average Lagrangian velocity after
averaging over the wave period

U, =U +(JudtvV)u , (17)

where vector U(U,,V, ) is average flow velocity; U is field of wave Euler velocities;

the overbar means averaging over the wave period. The second term in (17) is
the Stokes drift velocity which is determined by the following formula [34, 36, 38,
39, 41-43, 48]:

Ug = (}udrV)u. (18)

Vertical component of the Stokes drift velocity is nonzero for the complex
frequency [39, 42]:

i), (19)

1
o o )dx

Uss = iAxAx*(

where A = Aexp(dw-t), 6w =Im(w)is wave frequency imaginary part. Two
horizontal components of the Stokes drift velocity are determined by the following

formulas:
. :M{ii[u du3°j+c.c}, 20)

k |@dx (" dx,

5> Dvoryaninov, G.S., 1982. Effects of Waves in the Boundary Layers of the Atmosphere and
Ocean. Kiev: Naukova Dumka, 176 p. (in Russian).
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1 dug (. duy, . dUy .
Uy = if —%—k—2u,, [+c.c. |-
s =AA | ok de( dx,  dx, 3"] CC}

W | of du Vg if dPu,, o dU3) | dUP( Uy if duy, @D
~AACO QT dx dx,  kodx? T dx dx, | *dx,  k dx

+C.C.

We find the vertical wave mass flux taking into account formulas (10), (13)
[37, 39]:

— i|ip,fdu?du d p,fdU’( f du . odu? .
b =|Af —{Ihd—zd_w_um%_h_l(_i_.uw_zﬂumm. @
g X, X, X,  gQ dx, dx,

The equation for a correction to average wave density p that does not oscillate
on a time scale, accurate to terms quadratic in the wave amplitude, has the form:
b b p . dpu,  Opu, dpu, 0 0 0
P yo P yoOp  Opu  Opu,  Opus 0Py Po Po

—+U,e —+U,c —=0.(23)
ot tox, Sk, ox o X ax o Cox o Ak oK

Considering relations (4), (5), equation (23) is transformed to the form:

Y — = 0 = 0
aP+Uo 6P+Uo p apu apu2+aPU3_uls pof dU, U, pof dY, +U3s%=0'(24)
ot OX, c’ﬁx2 X, OX,  OX g dx, g dx, OX,

In the horizontally homogeneous case equation (24) takes the form:

a_ﬁ_l_aﬁ_u Eofdug_}_u ﬁodeIO_l_u P,

—=0. 25
aooox Cogod,  Cogodxg Cax @
Integrating equation (25) over time, we obtain:
t( opu, p, f du; p, f du/ 0 ,
=— p Uy Po 2+ Uy Po - +u3sﬁ dt’. (26)
ol OX, g dx, g dx, OX,

Substituting a from formula (22) and three components of the Stokes drift
velocity from formulas (19)—(21) into expression (26), after integration we obtain:

— 0
Ap— apu IOS pof dU +Ugs pof dU1 +U3s 5P0 L(I—CZS(’JI), (27)
ox, g dx, g dx, X, | 280

where

. — 0 0
U —|A| i pf du’ du, duy, _um%_ po f dU/ [ f duy, _iu,, du, 0 +oel,
k g dx dx, dx, gQ dx, ( k dx, dx,

A du* 1 d ®
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* 0
0, =] A | B My A5 |
oQk dx, ax, dx,

* 0 H 2 2110 0 0 H
L {;22 Q[duw dug if d'u,, | d'US j+kdU1 [um du’ +idu3°]:|+c.c}.

dx, dx, Kk dx” " dx dx, dx, k dx
Correction to density Ap determined by formula (27) is a vertical fine structure

generated by an internal wave and irreversible [37, 39]. The specified correction is
retained after the wave train passage.

Calculation results

We calculate the vertical fine structure generated by the internal wave using
the data from the third stage of the 44th cruise of R/V Mikhail Lomonosov at
the Black Sea northwestern shelf ¢ [34, 35, 39-43].

Fig. 1 shows the time course of temperature isolines obtained by four gradient-
distributed temperature sensors.

The instruments were hung from the board of the vessel and located at
the following depths: 5-15 m — the first instrument; 15-25 m - the second
instrument; 25-35 m - the third instrument; 35-60 m — the fourth instrument
(indicated in Fig. 1 by Roman numerals I — IV, respectively).
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Fig. 1. Dependence of vertical displacements of temperature isolines on time

Figure 1 shows clearly apowerful wave train of 15-minute second-mode
internal waves. The maximum amplitude at elevations is 0.5 m.

Figure 2, a shows Brunt—Viisdld frequency dependence on the vertical
coordinate, and Fig. 2, b — dependence on two components of flow velocity.

¢ Panteleev, N.A., 1985. Report on the Work on the 44" Voyage (3™ Stage) of the NIS Mikhail
Lomonosov August 7 — September 15, 1985. Sevastopol: MHI Academy of Sciences of the Ukrainian
SSR. Vol. 1, 135 p. (in Russian).
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Fig. 2. Dependence of Brunt-Viisilé frequency (@) and flow velocity components (b) on the vertical
coordinate
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Fig. 3. Dispersion curves (@) and graphs of the frequency imaginary part (b) of the first (1) and second
(2) modes

The boundary value problem (14), (15) is solved numerically using the implicit
Adams scheme of the third order accuracy [34—43]. The shooting method is applied
to determine the wave number and frequency imaginary part at a fixed wave period
for a given mode of internal waves. The resulting solution is complex, as well as
the wave frequency with a small imaginary part. Figure 3, a shows the dependence
of frequency real part ®, =Re(w) on the wave number for the first two modes.

Figure 3, b reveals the dependence of the frequency imaginary part on the wave
number. The imaginary part of first-mode frequency dw =Im(w)is negative, i.e.

the wave is slightly attenuated.
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For the second mode, the imaginary part of the frequency is negative when
frequency w, isless than 12 cph; if the frequency is higher, its imaginary part is
positive, i.e., weak attenuation in the low-frequency region is replaced by weak
amplification in the high-frequency region. The first-mode damping decrement is
greater in absolute value than the second-mode damping decrement for a fixed wave
number. For 15-minute internal waves of the second mode, the attenuation
decrement is equal to dm = —1,4-10 ®rad/s, the wavelength is 197 m.

We calculate the vertical component of the Stokes drift velocity using formula
(19). Normalizing factor A is found by the known maximum amplitude of 0.5 m
vertical displacements. The dependence of the Stokes drift velocity vertical
component on the vertical coordinate for the first two modes is demonstrated in
Fig. 4, a, the wave frequency was 4 cph.

Fig. 4, b shows the average density vertical profile.

X, m X, m
220 =20t
40t 1 40t ]
-60 -60F 4
2 0 2 4 6 x0" 1011 1012 1013 1014
u,,m/s P, kg/m’

F ig. 4. Dependence of vertical component of the Stokes drift velocity on the vertical coordinate of
internal waves of the first (1) and second (2) modes (a); average density profile (b)

Fig. 5 shows the profiles of vertical mass flow determined by formula (22) and
non-oscillating correction to density (formula (27)) at t=9 h for the first two

modes of internal waves with 4 cycle/h frequency at the same maximum amplitude
of 0.5 m.

The vertical wave mass flux of the first mode predominates significantly in
the upper 40-meter layer, while the wave fluxes of the first and second modes are
comparable in absolute value at greater depths. The intensity of the generated
vertical fine structure of the density field for the first mode is greater than for
the second one at the same maximum wave amplitude.
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F i g. 5. Profiles of the vertical wave mass flux (a) and fine structure of density field (b) for the first
(1) and second (2) modes of internal waves

Further we compare the wave fluxes and the generated fine structure of inertia-
gravity internal waves of different frequencies. To do this, we consider the second
mode with frequencies of 4, 1 and 12 cph at the same maximum wave amplitude of
0.5 m.

Figure 6, ashows vertical wave mass fluxes for waves of the indicated
frequencies, and Fig. 6, b — profiles of the generated fine structure of the density field.

X, m x,,m
220+ 1 -20;
-40+ 1 40t
-60+ 1 .60t
a b
; -8

pii,. kg/m’s

Fig. 6. Profiles of the vertical wave mass flux (a) and fine structure of density field (b) of the second
mode for 15-minute internal waves (red curve), one-hour internal waves (blue curve) and 5-minute
internal waves (green curve)

The vertical wave mass fluxes of the second mode of 15-minute, one-hour and
5-minute internal waves are co-directed and decrease in absolute value with the wave
period decreasing. Fine-structure corrections to density for waves with 15-minute
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and one-hour periods are close and only enhance the effect when summed up.
The mentioned corrections do not introduce inversions into the vertical density
distribution. A similar calculation was carried out for the first mode of internal
waves. Fig. 7 shows the graphs of the vertical wave mass flux and generated fine
density structure of the first-mode internal waves for 4, 1, and 12 cph frequencies.

> T e S

x,,m - x,,m {’

-20 20k (f":._‘.‘:::.._ i
-40 -40} \ 1
=60 =60 4
a b
2 -1 0 1 «10” 0 2 4 6 =10
pu,. kg/m's Ap. kg/m’

Fig. 7. Profiles of the vertical wave flux of mass (@) and fine structure of density field (b) of the first
mode for 15-minute internal waves (red curve), one-hour internal waves (blue curve) and 5-minute internal
waves (green curve)

In the first mode, the vertical wave mass fluxes and fine-structure corrections
are almost the same for waves with 1 and 4 cph frequencies. They differ most
noticeably in the pycnocline for waves with 12 cph frequency.

It is of interest to study the impact of horizontal inhomogeneity of the average
density field on vertical wave mass fluxes and generated fine structure. In
the horizontally homogeneous case, the terms containing horizontal gradients of

0
the average density % and % are neglected in equation (4). Fig. 8 shows
X

the dependence of the vertical wave mass fluxes and generated fine structure on
the vertical coordinate for the second-mode internal waves with 4 cph frequency in
the horizontally homogeneous and inhomogeneous cases with the same maximum
wave amplitude of 0.5 m.

Thus, the amplitude of fine-structure oscillations and vertical wave mass fluxes
in the horizontally inhomogeneous case are higher than in the homogeneous one.

Similar calculations were also performed for the first mode of internal waves.
Fig. 9 shows the profiles of the vertical mass flux and generated fine structure for
the first mode of internal waves with 4 cph frequency in the horizontally
inhomogeneous and homogeneous cases.
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F i g. 8. Vertical distribution of the wave fluxes of mass (a) and generated fine structure (b) for
the internal wave of the second mode in the horizontally inhomogeneous (red curve) and homogeneous
(blue curve) cases

X,,m x,,m
20 204 1
-40r 1 40
60} 1 60} 1
a b
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Fig. 9. Dependence on the vertical coordinate of the wave mass flux (a) and generated fine structure
(b) for the internal wave of the second mode in the horizontally inhomogeneous (red curve) and
homogeneous (blue curve) cases upon the vertical coordinate

Similarly, the first mode vertical wave mass fluxes and fine-structure correction
to the density are higher in the case that is horizontally inhomogeneous in average
density.

Conclusion
The paper presents a mechanism for generating vertical fine structure due to
vertical wave mass fluxes. These fluxes are nonzero for the inertia-gravity internal
waves in the presence of aflow in which the velocity component normal to
the direction of wave propagation depends on the vertical coordinate. Unlike
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previous works, we do not assume horizontal homogeneity of average density field.
In contrast, the flow is assumed to be geostrophically balanced, i.e. vertical velocity
shifts are balanced by the horizontal gradient of the average density field. This
gradient is found from the “thermal wind” relations. It is shown that consideration
of horizontal inhomogeneity of average density field increases both vertical wave
mass fluxes and generated fine structure, the amplitude of fine-structure oscillations.
The wave mass fluxes and fine-structure corrections to density are very close for
waves of 1 and 4 cph frequencies, i.e. the overall effect only intensifies for waves of
different frequencies.
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	In the horizontally homogeneous case equation (24) takes the form:
	.                   (25)
	Integrating equation (25) over time, we obtain:



