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Breeze circulation is often observed nearby the water basin coasts and usually accompanied by a
background synoptic wind. One of the basic dynamically important components of the breeze
circulation is gravity current. In the present paper the latter is used as the breeze simplified model.
The theory of interaction of gravity current and a uniform synoptic wind are developed. The gravity
current in the domain of infinite height in a stationary environment and environment with background
flow was considered. To solve this problem the law of conservation of mass and universal property of
the Froude number was used, which is true in the steady state.

It is shown that increase of a tail-wind is followed by growth of the gravity current velocity and
decrease of its height. The opposite situation is observed at increase of a head wind: the current
velocity reduces and its height increases.

Using a Taylor series expansion for small values of the background flow velocity a linear dependence
of gravity current velocity on background flow velocity can be obtained. The factor determining the
slope of the velocity of gravity current propagation on the background wind speed, which is equal 2/3,
is a universal constant.

The theory explains the results of numerical simulation previously obtained by numerous authors. A
physical interpretation of dependence of the height and velocity of the gravity current on the
background flow velocity is presented.
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1. Introduction

Gravity, or density currents caused by the density gradient, are wide-spread in
nature. They are observed when the water of different density from the surrounding
reservoirs or rivers enters the water bodies. In an atmosphere the breeze circulation,
mesoscale cold front, squall lines and other phenomena [1] differ in the sources and
causes of the density difference and behave as gravity currents. However, the
structure and dynamics are universal for the density currents of different spatial and
temporal scales in various environments. In the present paper, the gravity current
will be considered as a simplified breeze model.

The gravity current structure consists of the following elements: the front, the
head of the current, its body (the area which is located behind the head), the Kelvin
— Helmholtz vortices and the reverse branch of the current. The head of the current
is an area several times higher than the main body of the current. The height of the
head is determined by the value of convergence occurring before the front due to a
collision of air masses with different physical characteristics. The convergence
magnitude is influenced by the difference between the densities of the two
colliding masses, background synoptic wind and other factors.

To study the synoptic wind effect on the development and distribution of the
gravity currents the laboratory [2], in situ [3], as well as numerical simulations
using different models [1, 4 — 6] were carried out. In these studies it is noted that
the direction and strength of the synoptic wind significantly affect the structure of
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the atmospheric gravity currents. For example, the most intense breeze fronts,
which are determined by the values of vertical velocity or the temperature gradient
magnitude, are clearly observed in the head synoptic wind, unlike the hard defined
front under the tail wind [3].

The dependence of gravity current propagation velocity on a uniform
background synoptic wind velocity was empirically derived in a number of studies
[2, 4 — 6]. The following interesting fact was revealed: a gravity current
propagation velocity is the sum of the front current velocities and the background
wind, multiplied by a coefficient that is unequal to one. This dependence cannot be
explained by the principle of relativity of motion and requires a more detailed
consideration.

As a rule, the wind profile in the atmosphere is not uniform, it is more
complicated. Importance of the background wind shear is shown in the work about
thunderstorm squall line maintenance [7]. In [8] the analytical theory describing the
interaction of a gravity current and a background flow with a vertical velocity shear
is proposed. Subsequently the research on this subject is developed both in
analytical works and in the works where the numerical simulation is used [9 — 12].

The aim of the present paper is to construct a theory to explain the previously
obtained dependence of the gravity current velocity and its head height from the
background flow velocity.

2. Problem statement and development of the analytical theory

Now we are to consider the gravity current with the height h, propagating with
the velocity ¢ in the unlimited height atmosphere. At the same time, there is a
uniform flow, i.e. the synoptic wind, in the atmosphere. Potential gravity current
temperature differs from the potential temperature of the environment by the value
of — A6, so that the buoyancy deficit g’ equals

g=g9 0,
where g is the free fall acceleration; A6 — the difference in potential temperature
of the surrounding atmosphere and the gravity current; 6o is the potential
temperature of the surrounding atmosphere.
It will be assumed that that gravity current is created by the source of cold air
with a mass flux of g. Then, in the steady mode, according to the law of conservation
of mass, the following ratio will be performed for the mass flux of the current g

q=hoco =he, 1)

where hois the height and ¢, is the velocity in the current body away from the front;
h is the head height; c is the front velocity.

In accordance with the large amount of research of the gravity current,
considered in [13], there is a universal relationship between its height and the front
velocity, expressed by the dimensionless Froude number Fr:

Fr=—2_. @)
gh

For the gravity currents the Froude number is a universal constant.
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Case of zero background wind (U = 0). The Cartesian coordinate system in
the xz plane is considered, where x axis is directed to the right, z axis is directed
upwards. Let the gravity current propagate from the source of cold air (cold pool)
with a predetermined source mass flux g in a positive direction of x axis. For given
constant values of mass flux g and the Froude number Fr the current height h and
its velocity c can be obtained from the expressions (1) and (2):

3
h=—3_1| )
Fryg

c= [Fr\/ﬁ F . 4)

As the expressions (3) and (4) show, in the atmosphere under the fixed
predetermined mass flux g and the given cold air source gravity g, both the height h
and the gravity current velocity c is fully determined by the mass flux g and the
Froude number Fr.

Case of the non-zero background wind (U # 0). This time the gravity
current, extending from a source of cold air in the presence of a background flow is
considered. It is assumed that the velocity of gravity current c in the fixed reference
frame is positive (¢ > 0), and the background flow velocity U can be either positive
(tail wind) or negative (headwind).

In the frame of reference associated with the front of the gravity current, the
movement of air both inside of the gravity current and in the surrounding
atmosphere is stationary. That’s why there is the universal relationship between the
velocity of the incoming air (c — U) and the gravity current height h:

_c-uU
Jg'h
Similar to the previous section of the expressions (1) and (5) the following
equations are obtained:

Fr

(5)

3
Fryg -h2+Uh-q=0, ©)

3
¢2-U+Jc—Fryg'q=0. @)

Equations (6) and (7) determine the dependence of the height h and the gravity
current velocity ¢ from background wind velocity U, as well as from the basic
characteristics of the cold air source — its mass flux g and buoyancy deficitg’.

The obtained expressions are valid not only for atmospheric breeze gravity
current, but also for any arbitrary gravity current propagating in the presence of a
background flow in the steady state.

Below the graphs of h(U) and c(U) will be constructed, using the values of
magnitudes typical for breeze gravity current. The value of the Froude number

Fr =1 is chosen (it’s the most commonly used value for the gravity currents in an
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infinitely deep neutral atmosphere [13, 14]). Q mass flux is assumed to be
5000 m?%s according to formula (1), since the characteristic values of the breeze
circulation are the values h = 1000 m and ¢ = 5 m/s. The variation range of the
typical background wind velocity values —20 m/s <U <20 m/s is taken. The graphs
of the relation between height of the current h (Fig. 1) and its velocity ¢ (Fig. 2)
from the background uniform wind the U, using the equations (6) and (7) are
constructed below. In this case U <0 corresponds to headwind, and U > 0 — to the
tail one.
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Fig. 1. Dependence of the current height h from the background flow velocity
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Fig. 2. Dependence of the current velocity ¢ from the background flow velocity U

The graphs show that with tail wind velocity increase the gravity current
velocity also increases and the height reduces. As follows from the formulas (6)
and (7), with an increase of tail background flow velocity (U — o) the current
height will tend to zero (h — 0), and the current velocity will be closer to the
maximum value, equal to the background wind velocity (c — U).
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With the increase of the headwind velocity (U — —o0) the current height will grow
(h — o0), and the current velocity will tend to zero (c — 0).

Case of the low values of background wind velocity U. For low values of U
the simpler dependencies of current velocity ¢ and its height h, having the linear
character, can be obtained (Fig. 1 and 2). To determine them, it’s necessary to
expand the expression for the velocity and height in a Taylor series in the
neighborhood of U = 0:

c(U)=c(0)+aa—8 u,

(U=0)
hU)=h@)+ L U
ouU (U=0)
Substituting these expansions in the formulas (6) and (7), the result is
o) =c(0)+2U. ®)
1/2
hU)=h(©)- 2| ©)

3 JgFr

It should be noted that the dimensionless ratio of 2/3 before U in the formula
(8) does not depend neither on Fr, nor on g and g, which testifies its universal
character.

3. Interpretation of the results

Below the comparison of the obtained results with the results of other works
devoted to the study of atmospheric gravity currents is given. Previously the
authors had carried out a numerical simulation of the interaction of breeze gravity
current with a uniform flow of air of the synoptic origin [6]. Simulation was carried
out using a two-dimensional complete hydrodynamic model of the compressed
atmosphere. As a result, the dependences of the structure and dynamics of the
gravity current on the background wind velocity were studied. Also, it was
determined that the current front velocity varied linearly depending on the
background wind velocity (Fig. 3).

This dependence can be described by the expression

c(U)=c(0)+pU , (10)

where p is the dimensionless coefficient, p = 0,64.

As shown in Fig. 4, the current head height decreases with the tail wind
velocity increase and increases with the headwind velocity increase.

In [4] in accordance with the numerical simulation results, the linear dependence
c(U) for the range of background wind velocity values of —10 m/s <U <10 m/s with
the numerical value of the coefficient u = 0.7 was obtained. Similar results were
obtained in the works [3 and 5] with the values of the coefficient p, equal to 0.7
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and 0.74 respectively. As it can be seen from the formula (8), the theoretical value
of u = 2/3 well corresponds to the dependences obtained in [3 — 6].
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Fig. 3. The dependence of the gravity current front velocity c(U) on the wind velocity U. The dots
show the results of numerical experiments, the right line — the empirical linear relationship (10)
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Fig. 4. The dependence of the height of the gravity current head height h(U) on the wind velocity U
according to the results of numerical experiments

From the dynamic viewpoint, the height of the current head is defined by a
pressure in the stagnation point in the gravity current front. Inside the current the
pressure is of hydrostatic characters, gradually decreasing with height. In its turn,
the propagation velocity of the current front in the reference frame moving together
with the current, depends on the height of the head. Under the head background
wind the strong convergence area is formed, resulting in a large value of pressure
in the stagnation point. Under the tail wind the convergence before the front is
weak, the pressure at the stagnation point is small, and consequently the head of the
current cannot reach a great height. This is confirmed by the work [4]. It is noted
that there is a range of optimal values of U in the headwind, under which the
maximum convergence is observed before the current. Under a strong tail wind the
convergence is not observed.
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Earlier in the Section 2 we used the value of the Froude number Fr = 1 for the
theoretical calculations. Theory of interaction of the gravity current with the
background wind, developed in the present paper, is valid for unlimited height of
the atmosphere. However, numerical and laboratory studies of gravity currents are
usually carried out in a limited domain with "solid lid" on the top boundary. In this
case, the Froude number will depend on the ratio of the gravity current height to
the atmosphere thickness (h/H) and take values in quite a large range of 0.5 — 1.4
[12]. For example, in [6] during the simulation the atmosphere height was equal to
5 km. At that, the initial height of the source was 1 km, so that the ratio h/H was
0.2, and the Froude number took values in the range of 1.1 — 1 3. It follows from
what has just been said above that analyzing the results of numerical experiments
the special attention should be paid to the choice of the Fr value.

4. Conclusion

In this paper a theory of propagation of the stationary gravity current in a
uniform flow of air in the atmosphere of unlimited height was developed. The
theory is based on the law of conservation of mass for the current mass flux and the
Froude number universality. The dependences of the velocity and height of the
gravity current head from the background flow are determined. For a certain range
of values of the background wind velocity the dependence of the current
propagation velocity can be described by a linear function. The obtained value of
inclination of dependence of the front velocity, equal to 2/3, is universal and does
not depend either on the mass flux, or the Froude number. The results of the
analytical theory were compared with the results of numerical experiments. In
general, the theory, presented in this paper, can explain the dependence of the
height and velocity of gravity current propagation from the background wind.
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